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?ﬂanom\a\s

A Polanom’\a\ m a categorﬂ g s a dia&mm:
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Po|3nom'\a\5 prov'\o\e S'\M‘o\e ‘oresentatior\g of a well-
behaved class o‘: ‘Fumd:ors — the Pol:jv\om"o\\

fuactors — in such a wWay that mMany useful
constewnctions on polynomial functors are reflected
m notwral constructions on polynomials,



Distributivity _pullbacks

A pullback around (&,(3)



Distributivity pullbacks

A pullback acound (a,f) is a diagrom
C—.
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Distributivity _pullbacks

A pullback around (0,f) s a diagrom
—

|
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al
A—E-)E

A d'\sl:r'\butw'\ta pullback is a terminal sudh diagram.



_r\mree, o‘aerad:'\oas on Slices

Let A—f—-?B be a morphism in a categorg &

@ Gwvenn o Moreh'xSM into A ,  we define -



—rlmree, oeerad:'\ot\s on Slices

Let A—£—->B be a morphism in a categorﬂ &

@ Gwvenn o Mor?\n'\SM nto 6, we define-



—rlmree, oeerad:'\ot\s on Slices

Let A—£—->B be a morphism in a categorﬂ &

@ Gwvenn o Mor?\n'\SM into A ,  we define -
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LocaNa cartesian closed cateqories

A Cakesor:j s LCC t.c Wt admits 'oullbacks and
A\Str\buh\l\ta Fu\\backs EVCf:j Moreh\SM A__)s
in a LCCC & induces three functors

Z¢
s/g =t ¢/A —— 2/A =ty s/8

T\r\ese Fund'.ors SQtiSFg Z‘: -1 Ap - TT{:,



&‘3“0 mial  functors

E\Ief5 polgnomia\ wm a LCC c.ad:esorj &

s B LNy ¢
4 N
I J
induces o functor:

A 11
e/1 =, &/ R -—"‘—§£/A E_{'._> /T

A ‘:umc\:or 1S Fa'ynom'\a\ £ it s isomorphic to
one induced 53 o \ Po\ﬁv\om'\q\.



Where do polynomials come from?




Where do pglgnom‘\ads Come From?

1. \F polynom'\a\ functors are so Prevalamb,
s there any sense n which  golynomials

ore cononical ?



Where do polynomials come from?

1. If polynom'\a\ functors are so prevalant,
15 there any sense n which polynomials

are cononical 2

2 What 1S the formal status of the
ass'\snment of pelynomial functors to

po\anom'\a\s?



Where do polynomials come from?

1. If polynom'\a\ functors are so prevalant,
15 there any sense n which polynomials

ore cononical ?

9 What S the formal status of the
ass'\snment of pelynomial functors to

po\anom'\ax\sz

3. Can polanom'nat\s be used to Fresen{:
any other structures?



Linear P_o_lynom'\ads

A Span n a cattegors IS a o\iqgramz
2 M
I J



Linear _qunom'\ads

A span in a category is a diagram:

s A%
I J

Seams May be viewed as S{MP\e Po\\jmm'\a\\s:

$A=At
I/ \\J,

To wnderstand Po\snom'\O\\S, ¢t Maj help to st
undecrstand Spons.



Where do Spans Come ‘Frovv\?

In what sense is the Concept of a span

Cononical ?



Where do spans come Lrom?

\V\ w\«a’c sense 15 the Concept oF a Spom

cononical

In category theory, to show something is
CQV\OV\.\C&\ mMmeons CXV\.\b“:il\ﬂ (o § un'\\'QrSa‘ Pfopel‘tg

if\va\v'm3 13

To do So, Wwe shall r\eed sSome Pre,\imiv\mrj

conceptS.



Double categories

A double category D comerises:

. o cotegory Do of objects and tight morphisms
A— B



Double categories

A double Category D comprises-
. a category Do of objects and tight mMorghisms
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loose morphisms  A—+>B



Double categories

A double Category D comprises-
. a category Do of objects and tight mMorghisms
A— 8
° 'For each Pa\'\r oﬁ o\o:)ecbs A, B, o collection of
loose morphisms  A—+>B

° -For ea\dr\ -Fra\Me A PH B a collection af Cells
a | L'b
A'—— B
o'



. for each object A, an identity
A — — A .
® Fgr lOOSQ Morfah%SMS A —=> & ond B _g_)c ’ a

Composite 00g
A——>C



. for each object A, an identity
A== A

e
° FO(' loose Mor‘o"ﬁsf’\s A —+—> R and R —Z'-)C y QA
Composite 00g
A——>C

°* dent3t3 cells .

AF R A== A
h = N ﬁl: lq
A B A 2= A



° C,OMFosH:eS of cells:

. q fOF
A——>B8—+C A———C
al,quLCHalcpe\plc
A'—*—)B"'"'?C' A ——> '

o' 9 plog’



° C,OMFosN:eS of cells:

. q fOL
A——>B8—+C A—+—C
“L“’L“‘Lc'_’“l“’@‘”l‘
A'—l-)E"'"'?C' A ——> '

' 9 plog’



e COMpOSILES of cells :

P % fOL A—>8 A——>8
A——>8—+—C A—+— C al ¢ | |
al ¢ | v Lc —> al P OV 1c A‘-a->B" - a‘ajq'q» lbb
A'—>B —»C' A ——> '’ '] ¢ l:’ )
P’ 4 p'OY A'—— & A'—— 8

P" P"
e Strnctwnnal "SoMor‘oMSMS exeressins associativ{tj
and w\‘\ta\;ty of loose composition.



e COmposite of cells:

P % P oL
“1""’1',“'“""“1‘?@*1':
A‘—"'?B '—'"?C' A\ ' ;C'

4 % p'loQ’

A—s 8 f

A——8
al ¢ |
A' —> R = aalge |bb
“!L ?. lb‘
A & A" —s 8
P" P"

e Strnctwnnal "SoMor'oMSMS e.xel‘essil\s associativ{tj
and w\‘\ta“ty of loose composition.

These Jdata are Su\o:\ed: to VvVoarious um:uqarisins

OX\OMS .



The double CO\\’.QSO_"y of Spans

ror everj Catesonj 2 with Pullbacks, there is a
douwble catesorﬂ wa\ (£) whose w\o\erlﬂins cactesory
IS &, n which a loose morphitm T —— T ¢ a Span

TIEASDH T



The Jdouwble Cateqory of Spans

For every catesorﬁ $ with pullbacks, Hhere is a
double category Sfow\ (£) whose w\ckerlgins ca‘tesor3
IS &, n which a loose morphitm T —— T ¢ a Span

S
ISEAS T
M& W\ N\f\;CV\ Q cell (\eCt) 1S O MOf.Dl’\;SM (flg"\t):

)
'L-(-:——)‘S Ie—s—Aiej

L 1, L'J \ l — E = l"
' —7
(S',l’.‘) /



The dowble Cateqory of Spans
‘h—r\e ié&i\‘:\tj Span on an ob\'\ect A is-
A=A=A

The composite of Té—A—T and Te—C—ok
15+

70
/

A P°oC
Vy 'S ¢ ¢
T 7° ¢



Comeﬂn\or\s

A COMPO\V\\OV\ {"Ot' (o § tlSht MOFFV\\SM A——-’S 1S o
£

loose morphism A——B eguipped with cells
[,
) ~Le fL 2|
A—— R B =4—R8R
£,

Sa’c'\S-Fto'Mj the %'\3’20\3 \““"5 ( l"‘-‘-’-\ = = = )

)



S_f_v\:\o'mt S

£

A conioint -
o Join kfor a ftx'sht morghism A —> B is a
e MorF (A Ad B——HA Qzuieeed with cells
‘FQ
B—>A A == A
) v lf £l |
B == & R —+—A

Sakisfuin | g
‘j j the %\3'%0\3 \QWS (L-, :\ ,—L_ =—)



A_o\)oi/\ts

AV\ Ouo\:)umc{:'nov\ W a douwble c.adresorj 1S a

pair of loose rmorphisms | {:osether with cells
rol

( A=—A R ——> R

A —_B N~ | AT

~ A—— A B——R
Lor

Sa’c'\S‘Fto\nj the %'\3’%0\3 laws (,\j = , \N = \)



Cameam'\of\s % cov\')oi/\ts

e ————

L emma Amj two o.‘: the Fo\lou\'nj 'IMP"'QS H/\e
third..

e [ odmis a companion and a conjoint

e [ oadmis a componion and f*-|
e [ odmis a conjoint and - [

In this case, £ 4 [



A_d:\o_%f_‘;_ PAIrS 1N Spam (€)

Evzrj tight rorphism A_£_>g i\ Spom(i)
admits & companion and  Conjoint .
£ A

P
a7 Vg T &



A_d:\o_'\i\_‘_:_ PAIrS 1N SQM\ (€)

Evzrj tight MOFPNSM A_f_yg Ta Spom(i)

odmits a CoMPO\V\'!Of\ ond Cov\:\o'\nt.

A ¢ £ A
-
A/ NB B( \\A

F-MrthefMOre, eVQrg SPG’\ Ié_'A_—) J 1S a



Cl_i_eaa\ﬁo wS double Ca’cegor{es

A double ca\:ejorj 1S Sfesau’\ouns 18 every t\sht

Mor\oh\sm admits a cComponion and a c.onjoi/\(:.

Creaa\r'\ovs double Cateﬂories ore olso called

eg i Pmen‘\:S :



The wnwersal P_r_op_e_r_t_g of Spal\(i)

Theorem (Dowson- Paré — Pronk)

For eaclf\ Catgso(‘j E vatin PU“bQCkS, $Pa'\(£)
15 the free gregarious double category on &,

GregDbl ((Span(€), D) = Cat(E, D,)



The wnwersal P_r_op_eﬁj of SQW\(E)

Theorem (Dawson- Paré - Pronk)

For eaclf\ Cateﬂofj E vatin PU“bQCkS, $PQ'\(£)
15 the free gregarious double category on &,

GregDbl (Span(€), D) = Cat(E, D,)

Conceptually, spans arise by freely adjoining
Cormpanions (r'\ah’c |es§ and  Con)oints (left leg).



From ~_Spans to ?oljl\on\ﬂé

Double catejor'\e,s Provio\e o covwenient context
n which te wunder stand how SPO\AS arise

Cononica\\a.

Can we o\ap\a similar reaSon'mS to wunderstand

how Poljnomim\s arise conon§ca\\\3?



The double Cateso_rﬁ of p_glﬂnomwds

For every LCC C“teﬂ‘”ﬂ €, Hrere is a double
catesonj [Dolg('i) whose underlgins cactegorﬂ S & ,
wn which a loose morphitm T —— T ¥ a ’ao'ynomiq’

T8 AT



The double Cateso_rj of p_glgnomwds

For every LCC Catejora €, Hrere is a double
category IDolg(i) whose umkerlgins category [ E,
wm whwch a loose MorPNSM I—/— T s a Folynom.'ql
£
TR AT
ond in Wwhich a cell (left) Corprises Mor.ohiSMS (rigkt):

I___,__;(s'c'u T Te—R—A—7J
Lo b ] Lol
L (sg;',e)j T'— B — A — T



The double Cateso_rj of p_glgnomwds

For every LCC Catejora €, Hrere is a double
category IDolg(i) whose umkerlgins category [ E,
wm whwch a loose MorPNSM I—/— T s a Folynom.'ql
£
TR AT
ond in Wwhich a cell (left) Corprises Mor.ohiSMS (rigkt):

I___,__;(s'c'u T Te—RBR— A —J
T Ry
1 (sg;',e)j T'e—8 —A — 7



The double Cateso_rj of p_glgnomwds

For every LCC Catejora €, Hrere is a double
category IDolg(i) whose umkerlgins category [ E,
wm whwch a loose MorPNSM I—/— T s a Folynom.'ql
£
TR AT
ond in Wwhich a cell (left) Corprises Mor.ohiSMS (rigkt):

AT I—B—A—7
.t L' L':) \L - i{i = L
1 (sg;',e)j T'e—8 —A — 7



The double Co.teso_rj of p_glgnom%ads

“Tf\e i&ef\{:\tj fo\jnomial on an ob\"ect A is-
A=A=A=A

Composﬂr'\or\ 1S 9‘\vef\ by:



The double Co.teso_rj of p_glgnom%ads

T\;\e 36&1\\:'\{25 fo\jnom%al on an ob:)ect A is:
A=A=A=A

Composit'\or\ 1S 9‘\ver\ 'oy:

Z
g — A ¢° D =C
\ ¢ pV
I/ J K



The double Co.teso_rj of p_glgnom%ads

T\;\e 36&1\{:'\{25 fo\jnomial on an ob:)ect A is:
A=A=A=A

Composit'\or\ 1S 3‘\ver\ by:
.
! delo l
< N
g — A ¢° D =C

\V ¢ vV
I/ J K



The double Cateso_rj of p_glgnomwds

T\;\e 36&1\‘:'\{25 fo\jnomial on an ob:)ect A is:
A=A=A=A

Composit'\or\ 1S 3‘\ver\ by:

¢ — _-———-).\

; !

/ b . deb l \
' L f VAR \‘
) g — A fe D »C

v AV A Vv ¢
I/ J K



Polynomi
_o_gnomxads ore gregarious

——

Theorem (C ambino — kock.)

/A‘_:"A‘ fF A=A
a7 g g W



Polynomi
_o_gnomxads ore gregarious

——

Theorem (C ambino — kock.)

IPo| &) | :

fj( ) 1S 3resa\r\ou\s'. every {:'\Skt Morpln'\SM AL

odmits o Companion a ‘
? \ na Conjo'mt.

\ = A
A/ 8 : B( \\A
( orolla
ry “There is a canonical normal cola
ol AX

functor Spom () — [Po‘g(i).




Correlates

Recall that, in a double co.tegorj with
Conjoints, a tight rmorphism A £58 odmits a
companion if its  conjoint B 25 A admits a

\Q_ﬁ ad')oint :



Correlates

Recall th at, in a double co.tegorj withh
Conjoints, a tight rmorphism A £58 odmits a
Companion W oits cov\Jomt R ——l—-) A odmts a

\Q_ﬁ ad')oinl’. :

A correlate For £ is a right adjoint to .F We
denote 1t A —HB



Adjoint triples in  Roly(€)

Every tight morphism A £.8 in Paly(g)
admits & companion, cConjoint, ond correlate .
A=A ¢ _ Iy
A g B A A7 \



_A_du:\o'm‘: {’.rip\QS N Wo\d(_i_,_)_

Evzrj tiaht rorphism A —£—> B in I'Polj (i,)
qd\MQtS o Com Pow\ion, Con:\o'unt ) ono correlate .
A=A ¢ _ Iy
A/ N, ;.:A-A\\A 4 A/’A—)B\\g
rurk\r\ermom, every Polanomia\ I - 8 L’ A 't—"J' 1S
o composite: . g=28 g 5 A A=A
v N o \ © / \ &



A conjectural _universal property

Just as spans ove canonically  built by

c,ow\?oSins Companions ond Con:‘o{/\ﬂ, Po\ﬂnomiqls
ore c.omon'\ca\‘a built b& COMPoSi/\j Companions,
cor\]o{ntt, and Correlates,



A conjectwal universal property

Just as spans ore canonically  built by

C,OIM?OS'II\S C,OMFO\V\\O'\S ond CO'\:‘ofl\tﬁj Po\ﬂnomials
are c_amon‘\caxﬂa built b& COMposi/\j Companions,
cor\:‘o{ntﬂ, ond Correlates,

We might therefore comjecture that ’Polj(i) S
the free OJdouble category with companions,
cor\jo{/\tﬁ, ond Correlates, Ur\{:ortumal:elj, the
complex definition makes this tricky to verify.



Br%dﬂes in dowuble Catesoﬂes

A bridse N a double cateaorg IS a o\iasram:

T sAST



Bridses N double Cod:esorie.s

A brio\se N A& double categorg IS o o\iasram:

T--AST

For instance, a brdge in SeanlE) is exactly o
Po\gnomia\ n Z.

Ie——B'—’A"t'*T



Bridses N double cod:esorie.s

A brio\se. N A& double cate,gorg IS o o\iasram:

T 4505 T

For instance, a bridge n Seom(i) 1S eme\:‘J o
Polynomial in .

Ie——B—-)A-—t-?T

We wish to construct a double Qo;te_gory n which
loose morghisms are bridges. How should we compose?



Bei O‘Se'ab\e double Cateso ries

A Jdouble cateaora D s br'\d\Seodole. when:

e« dom: D, — D, is a fibration

o | : ﬂ)o ———)\D\ 1S & More\n\sm of f‘.bra\tions

\ntu'\\'ive\:), tWis means that given any diajram



%r‘\ d\seado\e double Cateso rieS

A Jdouble cateaortj D s br'\d\Seodo\e. when:

e« dom: D, — D, is a fibration

o | : ﬂ)o ———)[D\ 1S & Morp\n\sm of F‘.bra\tions

\ntu'\¥ive\3, tWis means that given any diaﬂram

there exists a bridge and a ”°\
b . X \\

cell br that 1§ wuniversal X/ o ¥

n an appropriate Sense. N ]Z

Y



“The double c.atescg_f5 _‘f_bﬂ_‘*ﬂe:é

For each bridgeable double category D, there s
o Oouble C"‘teﬁ"'ﬂ Br(D) with the same
Mll\deﬂ:jil\j category for wWch:

« o l\oose morphisMm is a bridge in D

e o cell comprises

T45A5T

vl y o=l
IT-+—>A—>T7
p'



The dowble co.tesq_fg _‘f_l"ﬁ_dﬂé

The identity bridge on an object A s

A=A=A

Composit'\o'\ 15 given by:
A

C
P A
T \"J’ <



The double co.tesq_fg _‘f_l"ﬂ_dﬂé

The identity bridge on an cbject A is:
A=A=A



Po|3nom'\a\\5 are br'\tkses where?

We kwow that a brio\se INn $eam(i) R\
PO|3V\OM'\0\\- We might theefore expeck fPo\y (€)

to acise a8 Br(Spanl(E)).

However, a cell here wouwld be

T—RB—A—>]
b=b=1=]
IT<8—>A57'
which is not the definition of Polynom‘ml Morphism.



Coretrocells

| n 36"\6(0\‘ y | t dOCS "‘ k Make- Sense tO reverse, tlﬂe
cells in a Jdouble Qal:egors because if we § lip a
the E\S\nt mMorphiS MS foce n the wrong

cell,
direction:
¢ el
A—— B8 A — 8
a | ¢ lf’ = ol 2 b
A'—— B A ——> B

l
f P



Cocetro cellg

However, in a double Cateﬁorﬂ with Conjoints, there
is a bijection between cells with the -Fo"ou\'l\j

Fromne.S:
X
A_t.g AL A —— B
a | ¢ b | P |
A' ——> B J A N
PI P' b*

We con flip cells of the shape on the right.



Cocelro cellg

For eacdh double category D with conjoints, there

IS & double catesor3 [Dut with the same
underljinj cateaory ond loose morphisms, but for
which o  cell

©

A— B | . A'-—':—?B.—%—?B
a | < L'b n DT i) ® | in D.
A'—t—:)B A—>A —— B

P a* ¢



Spa\r\ CoretromorphiSMS

crt <

F;r' Qa Cattesor:j E with pu\lbackS $pom (i)
t\ne double Cateﬁorg whose U\V\deflﬂll\g cal:egors 1S

£, whose loose morphisms are spans in e, ond

n which o cell (left) s given by (riaht):
e A AR & —

~ ) lc \l/ LP"ML

Al —— ¢’ Ae— B'— ¢’



Po\&f\om'\a\s 0S bddjg_s_

Theorem ( AC)

r:or a Catesor:j & with eu\\bac'(s, [Br($Pan(£)
1S isomorphic to the double category of

crt)

polynomials in g



Po\ﬂnom'\a\\s oS br%djeé_

Theorem ( AC)

r:or a Catesorﬂ & with eu\\bad(s, [Br($PW\(E)
1S isomorphic to the double category of

crt)

polgnomials n <

Not&b\.\j, the complicated definition of polynomiql
composition 1S Catptweo\ log the s'\gn'\Ficamtlﬂ simpler
composition of br'\o\je,s,



C OM P Oni onable double Co&eg ories

A double Categorg 'S (_ow;?am'uonable 'if e.ve,rg
l:'\s\nt morphism admitS a componion.



Comew\'\ onable double Cateaor\‘es

A double Category 'S c.omean'uo'\able W every
l:'\s\nt Mor‘p\n'\sm admitS a componion.

gxaMf\_e, For every lor'xo\se.a\o\e dounb\e cod:e.sonj

D, the double Catesorg [Br(‘D\ \S Componionable :
the companion of A._f.:, B s A=|=A—€->B



Comew\'\ onable double Cateaor\‘es

A double Category 'S c.omean'uo'\able W every
l:'\s\nt Mor‘p\n'\sm admitS a componion.

ExaMf\_e, For everﬁ lor%o\se.o\o\e dounb\e cod:e.sonj
D, the double Catesorg [Br(‘D\ \S Componionable :
the companion of A .i.:, B s A== A _‘E_, R

P
Furthermore, every bridge I—+—A —‘5-7 J s a
P
composite IT—+—>>A=A o A=|:A_t_)‘j



The wnwersal P_r_op_e_rﬁg of Br(m)

Theorem (AC)

FOF each 'or'\O\seo\o\e dounb\e ca“:esorvj \D, [Br(D)
s the (ree Componionable double category on [D.

CorpDbl (B (D), E) = Dbl, (D, E)



The wnwersal P_r_op_ef_t_j of [Br(m)

Theorem (AC)

For each 'or'\&seo\o\e dounb\e ccx‘:esorvj \D, [Br(‘D)
s the (ree Componionable double category on [D.

CorpDbl (B (D), E) = Dbl, (D, E)

Conce‘otua\\g, br'\dses arise bg Fredy ao\:‘oit\inﬁ

COM?O\V\'\OI\S kO QX.\S‘Z'H\S |oose MO’P"\.‘SMS



crk

F:?eert'\ eS of D

/ t
Lermma (Pard) D" gdmits conjoints.

M (AC) Ibcrt 0dmits COMf)qn'\onS (resP.

correlates) f D admits correlates (resP. COMqu\%onS),



crk

?:?Per{:'\ es of D

Lerma. (Paré) ID“t admits conjoints.

l.:EL"_"_"i‘_‘. (AC) IDcrt odmits COMPqn'\onS (resP.

c,orrelates) W D ogdmits correlates (re.sP. COMPam"onS),

crt
Coro\\d\f& $eaﬂ (2) 1S the (:ree double Cateaorﬁ

with conjoints and Correlates on §&



Pu\:t'w\a the pieces together

Lemma .
The nclusion D— Br(ﬂ)) SQV\O\'\I\S T+ A b

I. —‘;"‘)A =A S Pseuo\o, onad hence Pfeserves
c,on‘éo‘m\:s and Cofrelates.



Pu\:t'w\a the pieces together

Lemma ®
The inclusion D — B (D) Sending T— A to

I —‘:"’A—-—‘-A S Pseuo\o, onad hence Pfeserves
c,on‘éo‘m\:s and Cofrelates.

Coro\\arj
[Br($f>an(2)crk> hd YPO\S (2) odmi kS componions,

conjoi/\ts, and Correlakes.



“The wniversal property of [Po\:,(ﬁ)
A double Ca\:ejorj 1S PO'jnom§C f evesy t\sht

MO reln'\SM odmMmits a com Panion 101
conjoint
Correlatke. ’ . , and



“The wnwersal Pﬁgp_e_r_t_j of [P°\3.(__€)
A double category 1S polynomic if every tight

MorphisM  admits a  componion, conjoint, and
Corre\atke.

Theorem (AC)
For each LCC Category e, I'Polg (£) 15 the
free polynomic double category on &,

Poly Dbl (Poly (€),D) = Cat(g, D,)




Breoxk%na the construction down

In Fact, we con simeh'-F& the construction of l'Polﬂ(i)
further.



Breo\kina the construction down

In fact, we con Simeh'{\, the constvuction of [pglﬂ(g)
further.
1. V%ew'mg $ as o odouble ca\tegors withh trivial
loose Morphisms and cells, mr(i)2$z(i),
the double cad:egora of Squares,



Breo\kins the construction down

In fact, we con Sime\ifj the constvuction of [Dolﬂ(i,)
further.

1. Viewinj $ as o odouble ca\l:egorﬂ with trivial
loose Morphisms and cells Br(i)ﬁ-’$2(i),
the double cad:egors of Squares,

2. Br($%(€)ofl) ﬁ'$?an(£), where OpL

reverses the \oose morphisms,



Breo\kina the construction down

In fact, we con S‘M?“.Fﬂ the constvuction of I'Polj(i)
further.

1. Viewinj S as a double ca\l:egorﬂ with trivial
loose Morphisms and cells Br(i)2$2(i),
the double cad:egors of Squares,

2. ‘Br($$(€)oel) > Pean(L), where opL

reverses the \oose MorpW\SMS.

S. Conseguentlg, ﬂ)o\j(ﬂ) = [BfUBf([Br(i)OPL)Ut).



Breo\kma the construction down

start with the c.atesor&
of interest

Poly (£) ~ [Bf(mf(fﬁfzg)”t)crt)



Breakana the construction down

P\cst, adjoin con)o nts
—N—

Poly (£) ~ Bf(mf(mf(i)wt)ut)

‘S/B

I



Breo\kma the construction down

next, odjoin correlates
PR  U—

Poly (£) ~ [Bf(mf(lﬁf(i)”t)a‘t)

S B——k—*A

d

I



Breakana the construction down

P\/\a\\lg , Qdjoin companions

r_’______l\_‘___‘
Poly (£) = Br(Br(Be(£)*)"")

S B‘—k“Au

d

1 \T



Breoxkina the construction dowwn

Poly () = Br (B (B (£)*)*")

S %"E")Au

TN

L



Where do pglgnom‘\ads Come From?

1. \F polynom'\a\ functors are so Prevalamb,
s there any sense n which  golynomials

ore cononical ?



,F ?
. ‘S CoMme fo .
O‘BV\O A M M
\I\\V\e‘e dO P ™M

f omial fun revalant
| val ctors ore so ¢ "
1. | polyn N ) |
15 there any sense n which polynomials

: ?
are cononical ¢

Yes o



Where do polynomials come from?

1. If polynom'\a\ functors are so prevalant,
15 there any sense n which polynomials

ore cononical ?

Yes

9 What S the formal status of the
ass'\snment of pelynomial functors to

po\anom'\a\sz



—\T\e Cononiycal interpretation

For every polynomic double category D, the

wwersal P"’f’"tﬁ induceS a normal colax functor

“)o\:j([bo) — D



“The canonical interpretation

F;r 6\’21‘3 Folgnomic double catesorg 'D, the

wwersal Propert3 induceS a normal colax functor

‘Po\j(mo) — D
Self\o\'mﬁ each Polgnom'\od

TS8R R AXLST
in D, to s associated Polgnom‘\a\ MorphisMm :

s" £ L.



Twe Jdouble c.atescg_r5 of slices

For every LCC Cattejora €, Hrere is a double

category Slice(2) whose umkerlgins cactesory 1S &,

n which a loose morphitm T —— T s & functor
el — elT

and " which a cell (left) is a natural

transformakion (r'.e\n\:):

I' — 7' \)SII'/‘:'

' el



Po\anom\a\ functors via un‘\versa\\'\t:j

$|5C€(2) 1S PO'S'\OM;CZ -For O tislnt More\n‘,gm A—c—-)B,

the componion, conjoint, and correlate are given by:

T4 DApATp: E/A—E/R



_P:\Snow\'\a\ functors via un‘\versa\\'\t&

$|iC€(£) '|S PO'S'\OM;C: -For O {;islnt Mor‘o\n'\SM A—‘:—-)B,

the componion, conjoint, and correlate are given by:

T4 DApATp: E/A—E/R

The nduced Functor IPo\j(i)——é&ice(Z) 1S
exact\3 the cononical interpretation of Polvnomiqls

oS Qo\anow\'\a\\ functors,



Where do polynomials come from?

1. If polynom'\a\ functors are so prevalant,
15 there any sense n which polynomials

ore cononical ?

9 What S the formal status of the
ass'\snment of pelynomial functors to

po\anom'\ax\sz

3. Can polanom'nat\s be used to Fresen{:
any other structures?



C1 eneralised Pﬁ! ‘dv\omial -Fu\n ctors

Given a po\anomia\ in Cat ,
ISR DAL T
there is an nduced Lunctor

3 Ranet A Lav\p'
T —S——>B——£-9A———>TJ'

between presheaf c«\:eaories. Such & functor is
called oA 3e.v\em\iseo\ pol&nomiod functor b3 Fiore.



Ceneralised po\ Snomtal Lunctors

Given a po\anomia\ in Cat ,
1AL T
there s an induced Lunctor

S Rangs ~ Langt A
T 23— A—7F

between presheaf c«\:eaories. Such & functor is
called oA se.v\em\iseo\ polﬂnomiod functor b3 Fiore.

Buk Cat s not LCC, nor need f be exponentiable.



A (Virkua\) double cateaorv
theorist's fJEfS(Jective on
PoLYy NomiALS

Nothanael Acrkor Brjce Clarke

'Topos Colloguium 03.03.25



A e uwilback o g_gp\;eii_hj

“The wuniversal propertg of $pw\(£3 Ma& appeacr
unusual in that it does not reguire opreservation of

Pu\\backS .

GregDbl (Span(€), D) = Cat(g, D,)



A e uwilback o g_gp\;eii_hj

—W\e universal properts of $pom(i) MO\& appear
unusual in that it does not reguire oreservation of

Pu\\backs.
GregDbl ($pan(£), D) = Cat(E, D,)

’W\\S proMPtS one to wonder whether pullback.\'

ore r\eceSSarS ot all.



§Fam3 without pullbackS

EEEEEE—

Pullbac.ks are rezuireol to CompoSe SQONS, Howe,ver, we
Coan drop the assumption thot we cawnt compose loose
rmorphisms and instead O\irect\:j describe the data of

cel\s into n-ovy composites.



§Fam3 without pullbacks

f

Pul\backs are rezuﬁreol to compose Spans, Howe,ver, we
can drop the assumption thot we can compose [oei€
rmorphisms and  instead O\irect\ﬂ describe the data of

cel\s into n-ovy composites.

For instance, a span morphism (left) comprises (right):

x&-—-\./——)z x‘._.\/__,z
PYEES
(vab/D\J (B D

A ¢ E A ¢’ E



Covirtual douwble cateso ff}

A  covirtuwal double coutesorﬂ 1S & Structure like

O Jdouble coxl:esor:.,, but which does not have
'\d\e,nt'\tﬂ or composite loose rorphisMms. Instead, t has

n- oY cells:
A—————l——\)Ao
A A=A, ... »A,

&oge,{:her withh Suitable compositions of cells,



A covictual doukle co\tesg_r:’ of Spans

For any ca\tesony E, there 1§ a covirtwal
double cod:esorv $?0"‘(£) in which an n-ary cell
Comprises:

A X ———— A

\
/,,’\\



Gregarious Covirtunal double cateﬂor'nes
ammm— “

We. con Adefine what it means for a Covirtwol

double category to admit 1dentity loose morphisms,
Certain comPositeS, componions ; ond Conjoiats,



Gregarious Covirtunal double cateﬂor'nes
_— “

We. con Adefine what it means for a Covirtwol

double CAtesorﬂ to admit ;O\Ql\Hbd loose rMorphisms,
Certain composites, companions , and conjoiats.

A Covirtual double Category is gregarious f it
oomits :

o dentitieS

° com?an'\ons

o cOn:)o'mtS .

o Composites of the form S o0 t,



The wniversal property of Joan(e) I

Theorem (Dawson - Paré - Pronkc)

For each category e, $pam(£) s the free
greqarions Covirtual double category on &.

C\re3 Covdb\($ﬁa\n(€), [b) = Cat(E, [D°>

This frees us from the ossumption that € hags
pullbacks.



El(?o nentiob |i’c3 elimination

Can we eMP\03 similar  technigues to weaken
bhe assumption on & necessory to fForm Po|3(£)?



E)_(fo nentiobi Iitj elimination

Can we eMP\03 similar  technigues to weaken
bhe assumption on & necessory to fForm lPo\3(£)?

P\A“b&ClﬂS n i ore v\eCeSSOxrj {:o AQ.F;AQ U'\O\fg Ce“S)
so we cannot drop this assumption.



E)_(fo nentiobi Iitj elimination

Can we eMP\03 similar  technigues to weaken
bhe assumption on & necessory to fForm lPo\ﬁ(i)?.

P\A“b&(ks n i ore neCeSSOxrj {:o AQ.F;Ae UﬂO\fy Ce“S)
so we cannot drop this assumption.

However, by Unwinding the data of a polynomial
Morphism into an n-ary composite, we see that
it s possible to eliminate distributivity pullbacks.



A covirtual double caxtesg_rg of Pg\anomiods

For any ca\tesony & with opullbacks, there is a
covirtual double cod:esorj [Po\j(i) n which a
binmrj cell 1s:

.,/ r ‘\ -
Loee oLy
8;'—__)A\ BZ —'—)Az

N
v 7, >

N
]!



Po\&V\OVﬁC Covirtual double cateﬁories

A Covirtual double category is polynomic if it
odmits:

o 1dentitieS

° c,om?an'\ons

PY COﬂ:’O.\ﬂtS
e Correlates

o Composites of the form S'o FIQ t.



“The wniwersal Pfgp_e_c_'_t_j of [Po\g(g) IL

Theorem (AC\
Let £ be a Cate&ord with pullbacks. ‘Polg(i) 1S

the free, Fol&nomic Covirtual double Cateaorﬂ on §



“The wniwersal Pfgpertj of [Po\a(ﬁ) Ir

‘d*

Theorem (ACS
Let £ be o category with pullbacks. Poly(£) is

the free Fol‘\jnomic Covirtual double Cateaorﬂ on £

This frees us from the ossumoption that ¢ has
d\’\str'\buk'\v'\\:ﬂ pu\\\oacks / exponentioble mMmorphisms.



’W\e dowble cal:eso_rs of preskeaves

There iS a double category Psh whose
underlying category is Cat, in which a loose
morohitm T ——> J it a functor

IT— 7
and n which a cell (left) s a natural
transformakion (r';e\n\:):

- A D

F T3,
I —7 /I\/"U' ’
L \-»I' !

I —H,'J"
'3



Ctenera\iseo\ P_Oj‘jv\omial Lunctors via un\versa\\'\t&

[DSV\ 1S Polgnovvﬁcz -For o {:isl«t MorP\n\SM A-£-?B,
the componion, conjoint, and correlate are given by:

B\

Laf\‘:o‘b - £ - KQ'\FOf g ﬁ——‘) B



Caenera\iseo\ ng‘jv\omial Lunctors via un‘\versa\\'\tg

[Dslf\ 1S Pc'&ﬂowﬁcz -For o {:isl«t Mor‘o\n\sM A—L?B,

the componion, conjoint, and correlate are given by:
N\ A )
Laﬂ‘:Of - £ 4 RO"\;"V . A—B

The induced Functor [Po\:j(Co\\:\——) Psh s
exaxct\3 the interporetation of Polgnomi&ls oS

Se,ne,m\iseo\ po\anom'\a\ functors.
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Summary

° The double Coxteaorj o.F Fol\cjnonimls onses
by Free.\j adjoining companions, conjoints, ond

Correlates to a loca\\y cartesian closed cateaorv.

e The inter‘ore(:ad:ion of Po\gnor\{o\‘s as Po\yr\olﬁial
functors asises from this universal property.

. Bﬂ working with covirtual double categeries,
we con drop the assumption of exponentiability.



