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\lar\ab\e b\no\‘ma

In a type theory, terms moy abstract over terms.

We say that o type theory
—is PO\ﬂmorf’NC’ i tems may abstract over types;
- S d\e?endw\t if tgfes Moy oabstract over teams:

— odwmits (second-order) type constructors if

tgfes Moy obstract over tgfes.
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Ca’ceﬂorie—s
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Cateﬂories
A .SMad\ catesor\xj comprise,s

e o set €| of ob\"e,c.ts;
for each pair X,\/e\Gl, o set 6(X,Y)

of More\n'\Srv\S‘,
e for each Xelel,
o [or each Fee(X,Y) and 36@(‘1,%3, o composite
f,9 ¢ €(Xx,2);

such that composition is unital and assaciative.

on iokentitﬂ morplr\'\SM 1xeg(x,x);



C actesian cate&ories
—____—____—-——’ —

A categorg € i1s caf tesion thV\, -For each Pqir
X,Yel@gl, ther 15 a specified. object X x7 and

Morplr\'\SMS % xY
™ / \T"z
Pol Y

throuah wh'\c\/\ e,venj SPOV\ over (X,V) Fad:oi‘s

U\/\'\CI,‘Aﬁ\g‘, ond on olgject 1 for which each object
X elel has o wunigue morphism X-i)“’l.



Cabesorical SemanticS

“The idea re\ad:inj type ‘Ur\e,ond to category

theory is to interpret contexts as objects,
ontexts, and terms as

k:j?es as Sing\eton C

rorphisms (and vice versa).



Cabesorical SemanticS

—-,Tle, 1den re\atinj t:j?e ‘Ur\eora to Categorﬁ
thQOfB \S to 'mterpret contexktS as ObJQCtS,
types as Singleton contexts, ond terms as

rorphisms (and vice versa).

Different type theoretic structure then
c_orresponoks to Ma\osous categoty theoretiC
structure.



A_\se,bm\c skructure is cactesion Structuce

Fix a set S of sorts, and consider o Cartesion

category € whose set of okjects is given by finite
corteSion ?rooku\cts of sorts.

We may interoret . morphism
A' X oo X An —? B, X - X Bm

s o tuple of termsg
{“"A\"°"°"\1An|"'-115;\r
IsLEm



The identity morghism on  Ayx X An is given by

varioble efo jection:

{a‘:A,,..., an: An "al‘AL]f

IsLgnN

The composition of

L. .ls.ln
A‘x...xAn .@—t) B‘x,,,x BM _—J—-) C‘x...x C'(.

IS S'NM b3 swbstitution:
{ oA ,..., On- An \-Sj[b;\-»{:i]'ﬁsm}

1gjsl



We Man:’ view o term
at:A\:"') On: An-1:8B
eq,u'wa\ent\g 0S on Nn-ary operatofl
t.. (A‘,...’An\ -’)%
and in this way we can set up o Correspondence

cartesian categories

=
multicorted. universal algebras

(AKA siMPla-tH?eo\ paicing calculns)



An exwv\fa_\_e_
A mMonoid. 1S e,x?resseok ba o cortesion Catzsory
whose objects are Se/\erate.d by o single soct M,
ond whose mMorphisms are Se.nemte.d “’3

MxM 235 M
1 —=> M
Subject to
@rdIpm exim 1,.%€
MxMxM— MxM 1xM —™ Mo Me— Mx1
1,60 |



Algebra to type theory

To express variable - binding  structure, such as
the M- obstcaction operator of the X-calculus,
we reguire further structwe. In particular, we

observe that
V‘,x -Av t:R @

M F NG:A. cn(A,R) ®

together with application sets up a bijection
between terms of the form (O and Q.




Cactesion closwe
Lo = -2 —

Cad:e&orica\\j, Hhis strucbwe s expressed vio
adjunction, whidh is o relationship between
two kinds of morphism.

In particulor, a cartesion category is closed.
if (-)xA hos a ris\r\i’ adjoint (-)A for each
objiect A, which means that

e(TxA,B) = 6(r,8")
natural v " and B,



What obout odgebra\ic structure on t‘d?ﬁﬁ.?'.

In & simple type theory, eoch term has an

associoted context of term variobles, ond. a

kuoe.
IF Frt-B

We shall consider o sebh‘nj n which each tyee

has an associoted context of type variobles,

ond. a Kind.



In this setting, Kinds and types have the same
structure that types and. tems had.: that is, they

form o cortesion catesorg.

For instone, in the siMp\y-tspeo\ a-calculus, there 1S
o single (implicit) Kind U and operations

Prod
NUNxWUN—>U

Unit

1 —> U
Ux U 2D U



What obout terms?

Since types ore onlg well-formed. in a context of type
vociobles, tems must howe on associated context of

{;3?@ variobleS and tem voriables.

S\P\-\::B
—  we have an

Thus, for each type context =, ,
associated cartesion category of types ond. temms In

r_'i
context ..

How can we collect this dato to o single structure
bhot captures the relationship between these categories?



l" 3Fero\cc\:rines

‘Wl\e Lraditional answer to this q/uestion 1S the notion
of hgpero\octrine, whichh is o contravariont {functoc

from a cartesian categoly of Kinds ond h:j?es to the
category of cortesion categories.
op
_TM'-—FB —> Cactlat
Then "\'M(?_.) 1s the cad:eaora of ty pes ond. terms

—

n type context =..



However, this formalism is Cov\cep\:uan& d’\SSO\ti&ngl\s
for several reoasons.

_ Term-in-term and bype-in-type substitution ove

interpreted as composition, but type -in - term
substitution s 'mterprel:e& as Gmcl:oria\ ackion.

_ The definition as is only Permits a single Kind..
_ The definition is not amenable to generalisation

to linear Kinds.



A\ﬂ altemative P_Q_g‘feective

Start with o cartesion category € of kinds ond
types. We consider o notion of 2-cell between

More\n'\SMS of €. A

/7 S
— Yt U

~____

2!

“This reeresents o term —
—|a:Art:B (where =, g.q)



—\Bee—in—teﬂv\ substitution

_\QQe-in-tgfe. substitukion is gen by cormposition
of morphisms (or 1-cells),

X__—-)Y._—-)’Z- —> X — 2

Term-in-term  substitution 1S given by composition

of 2-cellsS. < <
YR Y
X—t—y P> X U v
N A

W

U



\l\)\f\a‘t obout t:j?e_ -in-term su\osti\:u’cion?,

In other words, swppose We have o term in a
context with o type variable, and we wish to
suostitwte o concrete type for the type varioble.

:,oc-.'MI—B:u ,_"—:'.,og:u\r\—t-.s — rAU
— | Fxr A] + £l Al B[x—> Al

How o we 'mterpre,{: this Catesorica\lgz



Left - whis keﬁl\ﬁ
Lert-Wms

Given n

— &8, xu/u,t\\’b(

— \g/

we want a 2-cell [~ Al

— 7 e Ay

~N—_
Blx— Al



Left - Ses%m\catejories

A left-— seszuicateﬂorﬂ COMPriSQS

o a category G;
o for each pair X,Y €l€|, a calegory structure on

ﬂ(X,‘/), whose More\n'\SMs we call Z-CQ.IIS;

* 1Cor each Xﬁ"\/ and </ - 3
‘. v 4y 2z, & N\r\'\Skerir\ﬂ
» 9 ~—
R 9
2-cell x\\lf%z}
fiq'

such \ -
that wh'sko.rms respects identities and. composition



Left - Ses%u\catejories

A left-— seszuicateﬂorﬂ COMPriSQS

o a category G;
o for each pair X,Y €l€|, a calegory structure on

ﬂ(x,‘/), whose MOFPV\\SMS we call Z-CQ.IIS',
9
* for each X-F—> Yy Yy 2, o whiskering
£:9 ~—~—
/ \l Sl
fiq'

such that whisko.r'ms respects identities and. composition.



Eiﬂht - w\r\'\skerinj?.

The definition of 2-category is the same
0SS QA \e&t-sesq,u'\ca\:esorg with an additional

right - whiskering operation (swoject to a
compatibility oxiom between left- ond right-

w\n\sker'mﬁ) :

W— = QG

What wowld this mean for a bype thgg.BZ



Cons‘\o\er the -Fol\owinﬂ o\'\agrqmz

Prod
/—'\ _‘_
Ux WU Jpej, U—> U
\_/,

LI



Cons‘\o\er the .Fol\ou‘ms o\iasrowv\:

Prod
~ 3N T
UxWU P2, U—>U
\./
m,

o<:U, B: U+ Prod(x, g) - U



Cons'\o\er the ‘Fol\owing o\'\aﬂrowv\:

Prod

/"‘N T
Ux WU P, U—> WU
\_/
,

o<:U, B:U - Prod(x, g) : U

r

o:UF T(x): U



Cons'\o\er the .Fol\ow‘ms o\'\asrqm-.

Prod

/"‘N _‘_
UxWU pej, U—>U
\_/’
,

o<:U, B:U - Prod(x, g) : U

— ——————

o:UF T(x): U

—————— e —————————————————
o<:U, 3: U, p: Prod(x, ) Pf'oj,(P)‘-“



R‘.S\nt-w\n‘\skerinﬂ For the Fo\\owins d:\agroww

Prod
~ TN T
uxfu an(OJ\ u——"')u
7
,

implies the existence of a 2-cell
T(Prod(-,-))

U q—“\‘u — o 1 T(Prod & M) F____+ ()
% U U fS'.'\A,T'-T Prod (%, - oK
\U/ ¢+ ¥

T(r,)

which is not necessarily the case.



Intedude: enriched cate\gorie.s

Often the morpln ismS of a cateaorg carry pmore
ctructivre than simply sets. ln these instances, it is
often worth cms%o\ering the homs €(X,Y) of a

categofy to be objects of Some other category V.

e When V=Set, we get ordinary categories.

o When V=TRy, we get metric spaces.
o When V= Cat, we Se,{: 2.-c.ategorie,s,



Le(:t-sesimic.atesories as enriched catejories

 E————

The category Cat is eguipped. with (o= normal)
rijh\:-ske.w -monoidal structure given by

AoB := \A\XB J:=1

A et -sesquicategory S a (Ca&.,@,.\)— enriched cat.



Le(:t-sesimic.atesories as enriched catejories

 E————

_le\e, cad:e.gorﬂ Cat is eq)J\iFPed with (oc)\-norm\)
rijh\:-ske.w —monoidal structure given by

AoB := \A\XB J:=1
Tt _whisker ng

no righ

A et -sesquicategory S a (Ca&.,@,.\)— enriched cat.



Le(:t-sesimic.atesories as enriched catejories

 E————

The category Cat is eguipped. with (o= normal)
rijh\:-ske.w -monoidal structure given by

Ao = Al x8 J:= 4

( Abstract| Y this structure 1s induced b\\j the
en \oa the. monoidal conmonad

Set =+ _ Cad:)
1-1

SKew-wqr?iv\j 5’\\)

A et -sesquicategory S a (Ca&.,@,.\)— enriched cat.



C.arte,sial\ Structure

The strucktucre or a Ieﬂ-Seszu‘\categorﬁ alone is not
q,u'\l:e, sufficient: we reguwire cartesian products of

both KindS and types to be oble to form contexts
of type ond term variables,



Cartesiam structure : kinds

A le(t-seszuic.ateﬂorﬁ s Cortesian when eguipped
with enriched cartesion produncts (o kKind of

2 - dimensional limit).



Cartesiam structure : kinds

A left-seszu'.cate.gorg s Cortesion when eguipped
with enriched cartesion produncts (o kindk of

2 - dimensional limit).

JAIR LR
p -
a\\le’\ | - {\/kt u| Qf\d L ) Jl/“'- u?.)
A, A
<L,

we, re?,uu'\l‘e. 2 J <baated u|xu1 satisfging

appropriate laws.



Cartesiam structwure : t&ggS_

The skew-monoidal structwe on Cat lifts to

CortCat, via the monoidal adjunction

F
Cat o~ CoartCat

V)
A horwise - cartesian left-sesguicategory 1S o
(CartCat, ®,)) - enriched catesorj.



Cartesiam structwure : tgfe_f_

The skew-monoidal structwe on Cat lifts to

CortCat, via the monoidal adjunction

F
Cot —=_ CortCat

V)
A horwise - cartesian left-sesguicategory 1S o
(CartCat, ®,)) - enriched catesorj.

(lntuativelg, each hom -category s cartesion, and
bhis stowckture interacts nicng with \eﬂ:-whist(ering.)



Universal a)gebro. with  kinds

J(&St aS Cor tesion c.a-begorie_s rmodel (Muli:&.sorhe,cu
universal algebf, So do carctesian hormwise - cartesion

left - sesgumicategories model  (Multikinded) universal
algebro. with Kinds (hierarchical algeora).



Universal a\ﬁebra with kinds
JU\St aS Covrtesion c.arbeﬁorie.s rmodel (Multa.sorbed)
universal algebr, so do cartesion homwise - cartesion

left - sesgmicategories model  (Multikinded) universal
a\gebra. with K nds (hierorchical algeora).

If we enrich nstead. over cortesian- closed catesoﬁes,

we obtain o model for simple t:’?e theories .



Universal a\ﬁebra with kinds

Just as cortesion cateﬁorie.s model  (multisorted)
unwversal algebfo, S0 do cartesion homwise - cartesion

left - sesgmicategories model  (Multikinded) universal
a\gebra. with K nds (hierorchical algeora).

I we enrich nsteod. over cortesian- closed\ catesofies:
we obtain O model for s'\MP\e_ tvee, theories .
If we osk for enriched coctesian-closure, we obtain

0. model for second.-order {:392 oee_rad:ors.



S'\Mple ‘tgpe theorieS
with  second- order b:jfe

opemtors
N\
S'\Mple type theories
/ )
Bino\m& a\sebm Hierarchical adgzbm\
\V 4

Universal algebra



Polymorp"\'\c type theoriés
with second- orde” bmae, operators

L \

Simple type theories Folymorphic e
with second-order beQ' Hﬂne,:ries tﬂ?
opemtors
N /
SiMple type theor ieS
/ )
Hierarchical algebra

Bino\w\j a\se.bra\
Y /

Universal a\aebro\



_P_q\y:gqomsm

—ro CO\PtW'e. vasioble \Oil\d'ms (either binA'\nﬂ term
vaciobleS i1 terms, oc type vosiables in bypes), we sow
thot the oappropriate cateﬂorica\ structue was that

of odjunction.

To copture ?o|3morehism . which 1S type varioble
b’md‘ms n terms, we expect that we shall ne
something similar to adjunction, except

Simu\tou\eousy re\atins I- ce\s ond 2-cells.



Mpredica\:‘\ve PSl&MorPhiSM
The formation and \ntroduction rules for

impredicative ~ polymorphism are os follows.

T (v-Form)
S ((x'.’u). B-WU

Z,OQ;U\P\'{)?B

R (v-INTRO)
T R AW b VW6



|\Mpreo\ica\:‘\ve, polymorphism

The formation and introduction rules for

'lvzspredicatives Pd&morphiSM ore os follows.

— x:UrB:U

[T

( V- Form)

E FV 5 :@q’mhiﬁes over itself

T,x;U\PFtig

[ T—

(V-INTRO)
T R AW b VW6




Cabe&oricodla, aive/\ o o\%aaram of this form:

l-'
D .

—
—oxU Yt U
8

we wont o d\'\otgrauv\ oC this form:

'—l
—_—>

— LAt U
| I \_/
VR
(and vice versa).



| _ocal adgumtions

Let N and B be left-sesguicategories oand.
L
— B
R
be left - sesguifunctors. A local adjunction bebween

L and R is o fomily of adjunctions
La.8

B(LA,8) ,+ A(A,RBR)
Ra g
notwal in Aeh, Rel



_P_glﬂp_f\_g_rphism via. local odjuwiction

Let € be o Cartesian Ieft-seszuicategorj- Fix an

object U €. A local adyunction between
(-)xN

———D
é____@
le

1S & natwral -Fami\\\j
e(zan,n)lz oM 8) = €@ (Mg 48)



_P_glﬂp_f\_gphism via. local odjuwiction

Let € be o Cartesian Ieft-seszuicategorj- Fix an

object U €. A local adyunction between
(-YxN
‘_____’ &
le
1S & natwral FaM“\\j
e(zxu,W(r8) = eE@w(r, YuB)

Take [x’yzz(—\oﬂ'“ and denote ¢ b3 Vau.

’\'o\kmg A=W, this exactly expresses polamorphism.



Universally _guantifiable okjects

Let € be o cartesian left- sesguicategory.
We 50:\5 that an ob\‘\ec,t ue\el 1S W\'werSa\\I:S
q,uanticiah\e when

(“)°ﬂ\

e(—,-) = G(—xUu, =)

l‘\as a local ris\nt ao\')oint.



Universally _guantifiable okjects

Le—‘t 6 be o Cartesian leFt-SeSZuicategorj.
We 50:\5 that an ob\‘\ec,t ue\el 1S W\'werSa\\I:S

q,uant‘\ciab\e when yo,
e(—,-) = e(—xU,-)

has a local ris\nt odjoint.

(cCf. e,x?onel\\:io.\o\e, objecks in a cartesian cateaorg.)



Universally _guantifiable okjects

Le—‘t 6 be o Cartesian leFt-SeSZuicategorj.
We 50:\5 that an ob\‘\ec,t ue\el 1S W\'werSa\\I:S

q,uant‘\ciab\e when yo,
e(—,-) = e(—xU,-)
has a local ris\nt odjoint.
(cCf. e,x?onel\\:io.\o\e, objecks in a cartesian cateaorg.)

ovject is unversally guantifiable.



Aside: the Chevalle

Aside: the v
In the h&eel‘d\octril\e approach, to model Po\yMOrFIniSM
we feguire o farmily of odjoints VY, sa’cis{xjinj a
Chevalley condition imposinﬁ cow\Patibility between
Pol&morphic olostraction and fﬁee,— ‘n-term substitution.

Cond.ition

This s precisely natumlity of the local adjunction.



COU‘{’.ZS'\ anN hOMW‘SQ - c,artQSiam- clo SQO\
left - s:,szui ca’teaofies Mmittins Po\&vv\orplnisM
mode!

Saste.w\ -
(wh\c\n captwres po\gmorfahic type ﬂr\eorie.S)



Coactesion - closed  homwise — cartesian- closed
|e€t—s¢szuica’ceaofies Mmittins Po\&morplnism
model

(wh‘\c\n captwres po\gmorfahic type theories
with  second—order type oeemtors)



System ¥ /
Po|3morp\r\ic A-calculus

Type theory

4 ™\

LOSiC &— —m Catesord theo:y

'n‘t\A'\‘:iOf\'\S‘tiC un'wersa\ Cartesian homwise - CC
First-order logic left - sesguicategories
Mmittins Polgnorf\'\'\s M



Predt'\c,a\t‘wibj
Whilst, h\storicall\?;nimpneo\imtiw polamorphisw\ has
proven on importont concept, in practice it is
A‘\(:F\cu\t to €i/\¢ MOAQ‘S QF S&Sbgm = (-Fcr O\
cimilar reason it i difficult to find models of

the w\_jlag_ei nN- ca\cu\us) )

More COVVOMoﬂ"tj, we. ore interested in theories

with predicative PO'”MO(P'MSM, where terms that
abostroct over small types necessarily have large
types.



Preo\icat‘\ve, PolamrphisM
e -

The formation and introduction rules for

lprea\icative,, ?olgmorphism ore. os follows.

l':"" o(:u-\.l—B‘.ut

[T

E I-V(o<°.'l)©.B ’U@P

obstraction increases the Size
of o \:m:e

(V-INTRO)

( v-Form)

—

- ,o<‘-’u-l\ r.l't'-B

[ T—

ENIFACE NS V(ec:U1). 8



Preo\'\ca’c‘we Po\amorf\rf\sw\ 1S exPressed b3

relative local adjunction. We consider an M-indexed

chain of full Su\o—kct-sesQ,uicatesoﬂeS

Cocievc‘c-i.-vczd‘_)...

ond o\'\stmguis\neo\. objects M, e\6il. \WJe then considelr a

celative (and N-indexed) onalogue of a local adjunction.

&(ZxU;, a)(aem k) = €, ()i T, )i a)(a, Ve)

we mMmoy on\5 obstcact
over L-small tapes



Preo\'\ca’c‘we Po\amorp\rﬁsw\ 1S exPreSSed b3
relative local adjunction. We consider an M-indexed

chain of full Su\o—|e(3t-ses$uicatesor’ne$

Cocietc‘c-i.-vczd‘_)...

ond o\'\stmguis\neo\ objects M, e\6il. \WJe then considelr a

celative (and N-indexed) onalogue of a local adjunction.

‘6(2"“1, A)(aﬂT' ,b) = ﬁ'“.(.‘( = . 5 A) o, Vi)

This more closely reflects the type systems of
functional programmins lomsmses like Standard ML.



SQAMMOU‘j

o Pa\jmorph'\c t&pe theories Ma:cj be mModelled n a
2- dimensional / enriched catesorthl anework.

e This approach oxtends the CCC model of the STLC
Mmore natw‘a\llj thon Prior rmodels.

Future work

e Relation with dependent types: any dependent tYpe
the.oca with TT-tyges and a universe Should gjve

rise Eo a predicative polymorphic type theory.




