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What 1S an enriched Cateﬁ‘i‘ﬂ?

e A c,o“eCl’.\OV\ QF O‘O;)QCtS l@'

. For each pair of objects X, Y, an
obeck ﬁ,(x,wﬂ) Wi Some  category V.

. ldentities and COMFO.S'\‘:QS, SG‘E'\S.ngnj
associativ;t:’ ond umitalitﬁ laws.

T —%, e(x,%) €(y.2), C(x.aiﬂg E(x,z)



Fc;r eochh monoidal cate.gorg VvV, we have
the notion of :

— A/ - enriched catesond

— /- enriched. functor

— 4/ - enciched distributor

— f\/.— e,nric\ne,& notuwral &r Oms(‘orvv\atiof\
Together, these assemble into a structure
known as o Virtual double category.



Victwnal double Ca\’ceaories

A virkual double category s a structure comprising
e Objects.
: ’ﬁsht-cells X—7Y.
. Loose-cells X ——> X.
e 2-cellS e ) Pt A



Victwnal double Ca\’ceaories

A virkual double category s a structure comprising
e Objects. e these form a category
: ’ﬁsht-cells X —Y.
. Loose-cells X ——> X.
e 2-cells o e, e, e,



Victwnal double Ca\’ceaories

A victwal double c,a’ce.sory S a Structure Comprisinj

e Objects. L"" 'qu- ek *"'l J.
Ts\n“: cells X—7. l“—"‘"— “' ;—'- 4——'-l

. Loose-cells X ——> X.

e 2-cells 7 2 fhet e, L |li—7-_ll



Normal VDCs

A VDC is normal £ it admits loose- identities,

i.e. for eachh object X, there s a loose- cell

X(,1)
X —+—> X

such that (v\-u-\)-amd 2-cell§ from

are n natucal bijection with n-ary 2-cells from

e P PR =D ... —>



(V- distributors & <V -natural transfocmations

° ° P
e A AV-distributor X——>Y comprises an object

p(g,x) eV (xelxl, 3e|‘;jl), together with pre-
and POSECOMPOS'\hor\ operations.

9(4y), p(u,)> (Y, x)  p(Y,x), X(xx) > Py, X)



(V- distributors & <V -natural transfocmations

P
e A V-distributor X——>Y comeriseS an object

p(g,x) eV (xelxl, 3e|‘;jl), together with pre-
and POSECOMPOS'\hor\ operations.

9(4y), p(u,)> (Y, x)  p(Y,x), X(xx) > Py, X)

e A V-natural transformation A €n
X‘ et o - —— xn
comprises a .FaM'\\S £l S ,l, J
Yy e——Y'

P (X, X2), . .ey PalFact, Xa) —> g (FX1) GXa) )



The construction of o VDC of enciched catesom’es

Frovvs a Monoida\ cateso'y °\S -(:\Anc\:or'\a\, ano\

defines a  2-functor:
(=)-Cat : MonCat — VDblCat

(:roM the 2- Categora of rmonoidal CatesorSQS,
\ox rmonordal functors, and. monoidal natural

tronsformations to the 2- Cate.gora of

virkwal double C.Q’ce.sorics  functors, and
tronsformakions,



However, this definition comes to us prepackaged.

How could we orrive ot this definition Qurselves?.

for instance, iS there any  Sense n which  this

construction 1S c,onomca\ ?

In other words, what evidence do we have that
we have o 3000\ definition of enriched Cateﬂ""{-jz



Ca{:eaor'\es aS monads

A  small cod:e,sora can be defined as o monad
‘n  the bicategory of spons,
et €.
or as a monad n the bicategory of matriceS.
€, % €, — Set



Ca{:eaor'\es aS monads

A  small cod:e,sora can be defined as o monad
‘n  the bicategory of spons,
et €.
or as a monad n the bicategory of matriceS.
€, % €, — Set

Similacly )  small V-categories can e defined as
monads in the bicategory of V- matrices.

e, xC,—V



Therefore, %o understond  the exteat to which
the enriched c,axtesorj construckion 1S canonical,
't sufficeS to understond:

1. The exteat to which the enriched matrix
construckion 1S canonical.



Therefore, %o understond  the exteat to which
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7 The exteat to which the monad
construckion 1§ canonical.



Therefore, %o understond  the exteat to which
the enriched c,axtesorj construckion 1S canonical,
't sufficeS to understond:
1. The exteat to which the enriched matrix
construckion 1S canonical.

7 The exteat to which the monad
construckion 1§ canonical.

3 How these two constructions interact.



A one-o\imens’\onal inkuition

“The Fol\ow%n3 analogue will be helpful to keep
in  mind.
e A category 1S cocomplete i it admits
Coproducts  and reflexive coezuadisers.



A one-o\imens’\onal inkuition

“The Fol\ow%n3 analogue will be helpful to keep
in  mind.
e A category 1S cocomplete i it admits
Coproducts  and reflexive coezuadisers.

e The free cocompletion of a cakegory IS
9'\\'0’\ b& P\f st Free.\y add’mg co(oroo\uc,ts

ond then coezuadisefs of pseudo—ezuivalence.
relations,



We shall stwdy the canonicity of the (-)-Cat
con StﬂACE\OV\ -

Wwile w s f)oSSible, to tolk oabout wuniversality
for operations thot do not have the same

codomoin oS their domain, it s eosier for
opero:t'\o nS that do.

We shall enhance owr definition of enriched
codce,aonj o\ccordin@w,



Categories enriched in a virtual _double categocy

Lek  be o vDC. A Y- C“beﬂ"rj comprises:
e A collection of okjects 1&].
e For each object X, on extent xevY.
. For each paic of ogects X, Y, & loose - cell

ggg—ed)_as n Y.



o For each ohject =, o 2-cell in VY,
§.$§
|t )
X —+>rX
e(x,x)

e For eadh trigle X, Y, %, & 2-cell in V.

eM,?) €(x,y)
2 —+— g ——=

©x,9,2 “

|
2 ——— H—>X
- €eWx,?®)

Sa\'isfging associativity and unitality axioms.



The construction of o VDC of enriched catesom’es

fom a VDC 1S functorial, and defines a
2-Functor :

(-)-Cat - VDbICat — VDbICat
from the 2-category of virtual double

categories, fanctors, and transformations to
tself.



The universality of the (-)-Cat construction has
been studied “previously in a special case, by

Coorner & Shulmon.

We will take inspiration frorm their chacacterisation.



Garner & Chulman showed.  that, for Y a
\OCQ“S COCOMPR,tE. ?SeudO &O\Able m{;qaora W.\t\'\

COMPANIONS,

V- Cat s eiu'\vaden\:l y:

_ “The free cocompletion of Y under collages.

_ The free cocomplehon of Y under coproducts
% collapses.

_ TThe free cocovv\faleh'on of Y under lax colimits
of \ox functors.



| will explain how we can drop essentially

o\ of thewr assumptions.



Roadk Map

1. The (-)-3et construction.
9. The Mnd construction.

3. The (-)-Tat construction.
4. Local colimits.



Coproducts in o VDC

A VDC Y odmits coproducts if:

1. lts under|5'1ﬂ3 category agmiks coProo\uLctS.
2. For each fawilj of loose-cells n X

o(y,%) X1 )
{ Y(x) ——> Y(v) x\, '/V

xelXl,
Yelvl

\\

there s a loose-cell

J.LX—'l'L—P—a_LLY



d  2-cellS (4,X)
on %@ — 27 L v



there exsts a unigue 2-cell

1Le e
_LLX, —> .- > 1l X,
[£x], L [w3]s Ll [a,
A g [92]x
2
Lockors ng each @&z,



The enriched set construction
Let VW be a VUDC. We define a VDC V- fet:

¢ Objects are fomilies of objects of V.
o A '\'\Sh’f CC“ efOM X '\'o y COMP"\SQS o ‘RAAChOﬂ
| X\ £ 0y

and, for each xelX|, a tng\nt-ce“
[, (%) — Y(F())

e A loose-cell from X o VY Comprises

{ p(g,:ﬁ): X(‘x\—»‘l(ﬂ)}xdx‘ gelvl






|_emma
(=)-Get s o \aux-'\ckempoteni: ?seudomonad on

VDb Cat.




|_emma
(=)-Get s o \aux-'\ckempoteni: eseuolomor\ad on

VDb Cat.

E——

CE—

“TheoreMm et W be o VDC.
WV-S$et 1S the free Cocomele\:ion of YV

wnaer co products .



“The loose-monads construction

Let X be o VUDC. We define a VIC IMnd(X) -

0 Ob:)e.CtS ore \oose-monads,

. ‘l".sht- cells are monad morphisMS.

o LoOOSE- cells are MONA bimodules.

9-cells are mMonad tronsformations.

T T
X =X X —+—> X ——> X
X—— X W —————> X

T A



Ca\iM'\tS of loose- monads

In & Jdouble cateson:’, we can take the colimit

of o loose-cell o:X —>Y, which is gwven by an

object B, tight-cells Ly:X—F and Ly:Y—p,

ond o 2-cell P

—
np [
—.——-'l==-é

¥

Ay

o\

umversal in & Suitoble sense. This s called the
cotabulator of o.



\When the loose-cell in 7/uesb'or\ hos additional
loose-monad, it 15 natwal

structure, e.9. of &
this Structwe.

to osk that the colimit respects

This leads ¢o the notion of a col\o\?ge, of a
loose— monad, which i another kind of double

Cad:esorica\ colimit.



Co\\a?ses in o VvDC

T
Let X—r—-)X be a loose-monad. A CO\\QPSC of

T is an object & T {:oseﬂne,r‘ with a ‘HSH'- cell

a/\d\ 2" c.e,\\ —
X —+—>K

Tvg | LT I %
€T =|:_—_'.l¢'T))

which 1S universal ouv\onss{: loose-monad Morph\SMS.



Le‘: S-—-‘:‘-—>T be & loose-monad

A collapse of M 15 a loose- cell

cC ™M)
&« SYYH —+—> &T»

JLXL U m luy

«S) ——p—> e T
€M

bimodule .

whidh 1S universal aLMOV\SS'l: loose-monad

tcansformations.



w@msm coclassifier

There s o 2- ad:,unction [CSIO]'.

A
L-i : IMnd
VDbliCak

Farthermore | this  2- adjunction s

|ox - idempotent. Conseguently, IMnd s a

\oxx-\demeoteﬂt 2-rmonad on \VDblCatn.



E@m@ Lek X be o normal VDC.

II"\no\(%) s the Fre.e, cocom‘o\e\:iom of X
wnder collapses.



—W\e, enriched c:ateao_r:j construction

We define o lox- io\eMpoten’c Pseuo\omonao\ bj
sition:
COM?O 1O) (-)_$et

@

VDbliCak

T_.llmd

\/Do\Catn

(-)-Cat :=



Tneorem  Let V be o normal  VDC.

V- Cat 1S the free cocompletion of YV

wnaer co\\ages .



E@mﬂ Let W be o normal vDC.

V- Cat 1S the free cocompletion of YV

wnaer co\\ages ,

— ]

(or & VDC VYV, a VY- category Con be viewed as
a Aiagrar in VY, ie. o functor into V. A colloge

1S A colimit of suh o d’m&mm,



P\O\dt\j _&oefoo\ucts A CO“QPSQS on an ezuod E otin 9
Civen that (- Set free\g adds Coproducts and
IMnd freely adds collapses, W& might expect that
(-) -Cat free\g odds Coproo\ucts and Co\\O\PSCS-

However, there is a subtlety. IMnd is o free
VDCs, whereos (-)-3et

construction on Nor,mal
In part"cu\ar, the inclusion

on\a Froo\ucas o VOC.
vy — Y- Set is not always normal.



Local  colimits
let X be a vdC. A local colimit of a
Linctor ‘J—D—% XOX,Y] comprises o loose - cell

colim D
Y —+— 7

'l:oset\ne,r withh  2-cell§



o
bhere exists a uaigue  2-cell
colimD
e e e Y — > > - —
l [GJ]:, l
A———————t—>8
?

Factori/\s each w;.



| emma

Let W be a nomal VDC. It Y oadmits local
kol objects, then Y-%et is nomal.

Fothermore, - $et admits those local colimits
brok Y does.



| emma

Let W be a nomal VDC. It Y oadmits local
kol objects, then Y-%et is nomal.

Fothermore, - $et admits those local colimits
brok Y does.

Conse,@u\enthj, (-)- et lifts %o a pseudomona\d

on VDblCat, o



L emma

O

Let X be a nomal VODC.
those local colimits thot X does.

IMna (X) odmits

Coﬂseiv\entlg, IMnd  lifts to a 2- monad on

VDb\Cat,, o



“Theoremr

(-)-det pseudodistributes over IMnd., and the
composite i§ (-)-Cakt.

y (-)-3et IMnd
DulCat, o, — VDb\Cat, o, — VDb\Cat, o

— -7

(-)- Cat




E&or&@ Let WV be a normal VDL with

local inttial obyects.

V- Cat 18 the free cocompletion of VY
er coerodv«cts % collapses.

AN



Representability
We wish to recover the characterisation of
[GS'C], ;or which one 'mgredient 1S M'ISSW\S.



Representability
We wish to recover the characterisation of
[GS'C], ;or which one 'mgredient 1S M'ISSW\S.

's normal and

A VDC is representable it it
admits  binary loose- composites, egu'wodenthj W it

1S o ese.udo douwble cod:egora.



Lemma Let Y be a PDC with local coproducts.
Then SO 1S V-3Set.

Lemma Let X be a PDC with local reflexive
Coeiua\ .corS. Then O 1S IMnd(X).

Corolla\rg “The Pseudod'\skributive law between
(-)-Fet and IMnd lifts to loca\\:j coomplete
psemdo double categories,



A red?e 'FOF enriched cateaories

1. Take your fovourite monoidal categocy YV,
viewed GS o VOC with one ov)ject.

2. If V has on initial object preseruen\ bg ® on
both  sides, freely add coproducts & collapses.

Otherwise, G'ee,\g add collages.

3. Let the mixture rest for 1S rmnutes.

4. EnyoY Your delicious V-Cat!



Post Scr'\Pt . V- norrmed Categori__e_s
A V-normed categocy is a category enriched in
fom (V) the category of fomilies of V.
In [P24] ; Patterson ‘ntroduced. a double Cod:eaan'cal

Fam construction.
Theorem  Fam ~ LC(-) —det, where LC is the

\ocol c,oerodwxct compld:io/\.

Coro\\ar:j Loose-monads in Fam(V) are precisely
V- normed cotegories.




