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The objects of I are given by x" for X <the
generoting object, and neN.
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A Morphusw\ X" — XM reerese/\ts an m-tuple
of terms in N variables -
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A | sebrqlc theories

A Moy o‘: a\aebmic, theories i1s o commutative l:riav\sle.
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A'aebfodc theories and their maps form a category

Low.



Monads and theories

_W\ere 1S a classic e@uivalence. between a\sebmic.
theories and (strongly) finitary monads on the
category of Sets.

Low 2= Madg (Set) = Mndge (Set)

Finitory = preserves filtered colimits
Strongly finitary =  preserves sifted colimits

(sifted- cocontinuous)
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. SECOND -ORDER ALGEBRAIC THEORIES
[Fiore & Mahmouo\, 20!0]
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Second-order -(:lne.oty _of _egpality

Loy is the .Fre.e. costesian cateaory Wwith an
eronentIabIe. obje.ct (i.e.. an object such that

(-)%: WL, — L, exists).

Objects of W, are given by products

x”l xﬂ‘g
Ok X

with wmorphisms  given by projeckion aad
evalunation.
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Szc.ono\-Oro\er a'sebf‘o\'\.c theories
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S?_c.ono\-Oro\er algebm‘\c theories

A Mayp oc Sécond - ordesr q\sebmic. theores is a

commutative l:rima)e.
L —>
L\ / L'
L,

Second-order alsebra‘\c theories and their maps

form o category Lawz.
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T . HiGHER-ORDER ALGEBRAIC THEORIES
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Htg\r\er-om\ef -l:lne.oty o.(: eq)ml-ﬂ

L, is the free cortesian cate.gortj on an
n- -te.i:ro.b\e o‘oée.c:b (i.e. an object X such that

1, %, X, x",,.. is exponentioble ).
1 2 3 4 -
-t

n



Higher-order theory o of _egpality

L, is the free cortesian C“teﬂ""&i on an
n- ‘te,l:ro.\o\e. O‘OQEC:b (i.e. an Ob‘\e.d: X such that

1, %, X, x",,.. is exponentioble ).
1 2 3 4 -
- °

n

Inhwt\vdg, Mor9h38ms in L represeat operators

'I:alcins operators as operands.



H'g\r\er-om\ef -l:lne.my o.(: e?)’““'ﬂ

L, is the free cortesian cate.gortj on an
n- -te.i:ro.b\e o‘oée.c:b (i.e. an object X such that

1, %, X x",,.. is exponentioble ).

?
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H igher-order A |sebr‘a(\c theories
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\s there o monad c,orre.spono\enc.e.
For ath_ ordeS a\jebraic. ﬂneoriesz.



ngPi‘fj_gF Low,

Tam
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Lawn ~ Cart(\LnH, Se.’c)
sifted ~ Si,\d\(u_m_“) Cree costesion
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“The universal 92950_}3_3? Lowa (r\-:.\)
Thm
Law, 15 locally Stronalg f’mil:e.lg presenta\ole.

Low= Law, =~ Cart(\Lz_ . Sd‘->
Si(,te.d& ~ Siﬂd\(u-z °) free castesion

letion categery on
com
co P J b e_xfoqenbiable.

ob)ect



_Wle universal pgpgjg_g? Law,
Thm
Law, 15 locally S{:ronslg f’mil:e.lg presenta\ole.
Lawn o~ Cart(\LnH, Sd’->
sifted = Siv\d\(ll.nﬂo) free care

cate.gorj ONn N

cocom letion -
P /\—/ (n+1) _tetravle peint

Hence also: * Locally finitely presentable
o Cocomplete
® COMFle‘te



TY = RELATIVE MoNADS



Hiqher - order ® ©

alsebroinc. theorie$ ~ Relative monads ~ Monads
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Sub\"\ect to a\ssociativitg anad wnii'a.lit_y lawus



Relative monads



Relative monads



Re\od:'we. Mmonaods

But what about Mul{:ip)fc.o.t\'on?.



Re\ah'we. MOoNAAS

A J-relokive monad ('T,’\,(“)') consists of
e o fundion T:1¢'l — 1861
® o4 4ransformation > IJX — TX
¢ a tbransformation (<) 1€)X, TY) — &(TXTY)
Sa’c'\sfgins unitality and associativity conditions,



Re\ah'we. MOoNAAS

A J-relokive monad ('T,’\,(“)') consists of
e o fundion T:1¢'l — 1861
® o4 4ransformation > IJX — TX
¢ a tbransformation (<) 1€)X, TY) — &(TXTY)
Sa’c'\sfgins unitadity and  associativity conditions,

&.‘.’?‘- o Mmonad is prec.isela an |[d - relative monad.



We will consides the fu/\ctor

o ok

U.n-rl <—— Sind(ll_n...f) ~ Law,\

(‘mtu‘st'we)j o. Yoneda emloeo\dc’/\j)



We will consides the fu/\cbor

o ok

anH <—— Sino\(ll.y....,°) ~ Law,\

(intu‘:t}ve)j o. Yoneda emloeo\di/\j)

When n=0".

L°e—" SinalL’)

free cocCortesion
cokegony on a point



We will consides the fu/\cbor

o ok

U.n-H <—— Sind(ll_n...f) ~ Law,\

(‘mtu‘:l:}ve)j o. Yoneda emloeo\di/\j)

When n=0".

T

free cocCortesion
cokegony on a point
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theories relative monads
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L AWpn 4 d KMﬂd+_l;q (°t u-vmo)

theories relative monads

When n=0, this says that a\jebraic theories
are ezmvalent to (FinSet—— Set)-re,lal:ive mMmonoads.
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theories relative monads

(Bu’c what about ordinary monu\s?)
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L,—dL

Theory

IL"—> Sind(L")

L

Relative monod

Monad
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L
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Relative monod

()

Sina(LL,°) = Set

Monad
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Theory
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L
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Theory

Sind(lL:®)
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()
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Vw’.ab\e-b;namj structure is
a\jebrqic over a\jebra(c structure.



Corefleckions

#

“Thm

There s o corefleckion of cotegories :

inclusion of presentoons

\' "

Co)
Loawa ™ & Low,,
é——-——/

L-J

discard (""")“— order terms



Co refleckions

F

There is o chain of coreflections,

—> e— —>
L&Wl F-l- LG.\-J-L 4 ® ¢ o L dew

d\louing us to Fre_e.lj extend or restrict the oroer
of a hig\ner-oro\er a.laebra‘ac. theory.



Proe.
Lek L - Il.m.—-»aL. be on (ﬂ*'\ﬂl‘.orde.r a\jebmic_ ‘l'.\r\eor:’.

The corresponding monad is given by

T AX) 2 L+ X



Proe.
let L Il.m.—-nL. be on (ﬂ*']ﬂf.orde.r a\gebm‘c_ 't.\neors.

The corrzs?ono\il\g MONAA 1S Swef\ bﬂ

When n=0, this Soys thot T tokes a set of constants,
freely adds them to L, then extracts the new constonts
formed from those in X under the ogerations of L.



S\AMM&(‘ 3

® His\ner-oro\ef a\se_bmic theoties Se,ngm\;se
algebraic theories by (higher - order)
Variable binding operotors.

e There ore coreflections Law, <7~ lLawns,
° i .
e Law, = Si/\o\(ll.,\...‘)

® LQ\J'\.H = M'\de,-l--h'I\(Lw'\)



Ajsebras

Let L:Wnsi—d be on (n+)H-ocder algebraic threory,
and let T, :Law,— Law, be the corresponding monad.

'T\__—A\s ~ Cart(dL, Set)



