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T. ALGEBRAIC THEORIES
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A I aebrac\c theories

1aentity-~on- objects
/ cortesion fuactor
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7 w

'F'a resion cartesion
categors on Ao catesonj
point

¢ - ?
(Here, ‘cactesian’ means finite products.)



A | sebrqlc theories

L
L — K~

The objects of I are given by x" for X <the
generoting object, and neN.

. T
A Morphusw\ X" — XM re.erese/\ts an m-tuple
of terms in N variables -



A | sebrqlc theories

L —— b

The objects of I are given by x" for X <the
generoting object, and neN.

A MorphiSM x"—"’-’ )(M rzerese/\ts an M-tuple
of terms in N variables -

77 <""'n ooy Xa b ‘b'.'>|si.4m

Y\—w3 opefation ({;i_ . )("_, x).



A | sebrqlc theories

A Moy oc a\aebmic, theories i1s o commutative l:riav\sle.
F /
L — L
L\ "_/ L'

A'aebfodc theories and their maps form a category

Low.



Low

Law is a well-behaved category.

o [t has all small limits and colimits.

* More than that, it is locally strongly
finitely presentavle :



Low

Law is a well-behaved category.

o It has all gmall limits and colimits.

* More than that, it is locally strongly
finitely presentavle :

Low &~ Sind(8) ~ Cort(€”, Set)

for some cocartesian €

Sind = coompletion under sifted
colimits



Monads and theories

_W\ere IS a classic e@uivalence. between a\sebmic.
theories and (strongly) finitary monads on the
category of Sets.

Low 2= Madg (Set) = Mndge (Set)

Finitory = preserves filtered colimits
Strongly finitary =  preserves sifted colimits

(Sifted- cocontinuous)



Univessal a\sdorm

/ Eq).m{:iw\al logic \

/—-\>
A‘se.bra&c. theories ~ Monads on Set
~~~




T. SECOND -ORDER ALGEBRAIC THEORIES
[Fiore & Mahmouo\, 20!0]
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r
1. __’?_c._l._.i._r.‘k_x:_ Differential oPe.rators
[M v %(xo) (c,(.‘, Plotkin 9.0'20)
roxrP
2. > Logical quantifiers
Ur dx.P
3. r, x +t N\ — obstraction

Pr Ax.t



Second.-order openators

4. [re:A+d TaAruic TEBrvic

M + case(t, a.u, b.v) : C
CQPPOM,

Cqsg—sP“{:tha
5 M) > :X + £:x
P Fix(£) : X

Fixed PoiatS

6- quowe.-buiseo\ o.\sebmic theones [Stauton, 7-0‘3]



(Y
to

a
oper

tions
and. egua
e

L

ory
f the the
d

I_L —>

[

tructural
S

S
ation
-
Ope



Second- order -(:lne.oty _of _egpality

Ly is the .Fre.e. costesian cateaory Wwith an
eronentIabIe. obje.ct (i.e.. an object such that

(-)%: WL, — L, exists).

Objects of W, are given by products

x”l xﬂ‘g
sk X

with wmorphisms  given by projeckion aad
evalunation.



Second- order -(:lne.oty _of _egpality

Ly is the .Fre.e. costesian cateaory Wwith an
eronentIabIe. ob}e.cb (i.e.. an object such that

(-)%: L, — L, exists).

Objects of W, are given by products

— —— — ex?onents are
K e y the objects of
X X o X u-

with wmorphisms  given by projeckion aad
evalunation.



Se.cono\—Oro\zr a'sebl‘«'\c theories

iAentity ~oa- objects
cortesion .“Mc,tc ",

P"eservia the.

exponentiable object

L,—— A~

4 ]

-F'eg, cortesian C?J"tQSiM Cdteaory
category on an with on exponentiokle
object

e.x?onm!:'\able.
Objeck



Szc.ono\-Oro\er a'sebf‘o\'\.c theories

L
I.I_z J'\
— "
x" x"* T X X
A morphism X" s o X — X % oo X
in J represests an L-tuple of terms in

K metovariobles and M™M; Vvariables.

M

<('x|'»---:x;i,)xl ) *°° ) (xra---ox:\‘g)xk’ 91"”’3"'7 ht).
L

T 7

pasameterised varioble Ordinary vasiable



‘D‘\Ffe,rentimte £(x) with respect to X ano\

R
evaluate ot %o.

d (. F(Dt),xJ



S?_c.ono\-Oro\er algebm‘\c theories

A Mayp oc Sécond - ocdesr q\sebmic. theores is a

commutative l:rima)e.
L —> )
L\ / L'
L,

Second-order alsebra‘\c theories and their maps

form o category Lawz.



S?_c.ono\-Oro\er algebmxc theories

How well-behaved is Lo.\»-,_?.

Does it hove:
o Limits?
° Co‘iMi‘sz.
e A universal progerb'jg



Swz\&—-oro\e,r‘ uwnivessal a.\je.bra

Second.- ordec

/ eq).wul:\w\a\ logic \

Secm\o\- ocraelr
qlaebmk. theorie.s



T . HiGHER-ORDER ALGEBRAIC THEORIES



_Wliro\— oraer oFe.ro.tor.s

1. Continuations

2. Selection ogerators
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Htg\r\er-om\ef -l:lne.oty o.(: eq)ml-ﬂ

L, is the free cortesian C“teﬂ"r'j on an
n- -te.i:ro.b\e o‘oée.c:b (i.e. an object X such that

1, %, X, x",,.. is exponentioble ).
1 2 3 4 -
-t

n



Higher-order theory o of _egpality

L, is the free cortesian C“teﬂ""&i on an
n- ‘te,l:ro.\o\e. O‘OQEC:b (i.e. an Ob‘\e.d: X such that

1, %, X, x",,.. is exponentioble ).
1 2 3 4 -
- °

n

Inhwt\vdg, Mor9h38ms in L represeat operators

'I:alcins operators as operands.



H'g\r\er-om\ef -l:lne.my o.(: e?)’““'ﬂ

L, is the free cortesian cate.gortj on an
n- -te.i:ro.b\e o‘oée.c:b (i.e. an object X such that

1, %, X x",,.. is exponentioble ).

?

We hove :

u_:u.‘é—, U_ZL__’ oo Ly u-w

/Q'Ff'e.e cortesion t(fe& cortesian -closed
c.qte_sors on a point categorg on a pomt



_H_ighu‘—omzr alﬂebrac\c theories

iAentity ~oa- objects
cartesion fuactor,

/’ preserving the

n- be.tmb\e. object

LI_--———’L

[ ]

free coartesian cc.u'te.sim category
category on an with on n-tetrakle
ob:‘gc,t

Nn-%tetrab\e
ob:,ecb



H igher-order A |sebr‘a(\c theories

g

A rop of nth

commutative l:rimale.

-order q\aebmic, theores is a

°L’_F-,0L/
L\"_"/\L'
th

N~ -order a‘aebm‘\c theories oand their maps

'FO"M o\ category Lawn,



1. How well-ehaveA iS Lawonz.

2. s there a monad c,orrespono\enc.e.z.



E_z_(?one.n‘tiab\e Subcatcgories

A (fur) Sub category @'c__"_ac S _e_)_tpone.ntia.ble

if', ‘(:or oll XGC" jX 'S e.xpone.n'l-iable in 8,
i.e. jx p (-) | (_)..lx.



El(?onmtiab\e Subcattgories

A (fult) Sub category g'c_:'__ac S _e_).tpcne.ntia.ble

£, ‘(:or' Al XGC" jX IS e.xpone.n'l-iable in 8,
i.e. jx p (-) | (_)..lx.

Ex
L,e— WL, s exponentiavle.



E_z_ceone.ntiab\e subcattgories

A (fult) Sub category g'c_:'__ac S _e_).tpci\e.ntia.ble

if, for all Xe@" JX 'S e,xPone.n'Hable in &,
ie.  jX x (=)« (._)-"x.

De,note, b:j Ex?n the c.atesorg with

) o0 0o Gy
<, Gn where ri.u preserves

£ l S l fn e,xgonentia:t'\on by
objects of 6;

D,e—--- e O,



_W\e.re IS an
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ao\j unction
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Castesion

g

closure of €n

L X

n



Pep
Let e, c.':‘.-oe,‘_ be an object of Exp,.
Strict cartesion functors e —> Set are in bijection with

strict coartesian 1deatity-on- ob\‘ed:s functors out of €.

preserving exponentiation by objects of €,.

Cart(€, , Set) = JlioEx?a.



Foo.
Lek e, c.':‘.-oe,_ be an objed: of Ex?t,

Strict cartesian functors e —> Set are in bijection with

strict coartesian 1deatity-on- ob\‘ed:s functors out of €.

preserving exponentiation by objects of €,.

Caﬂt(gm ) Set) = J /ioExP‘l

Sketch

For £ E,_———»Set, £ ( Yx) defines o hom-set, with
composition induced. by evaluation,




I_L,\d’-)ll.,.,. is an object of Ex?t’ so

strict cartesian functors Laet — Set are in bijection with
steict cortesian identity-on-objects fonctors out of Ln
9 exponentiation by objects of ILn.

?re_serv‘m
Co.f't(u.nu,set) ;-" J/EXPQ. = qulﬂﬂ
2|
| Y ,Q u"‘“ ._-——OJ.’ (A)



ngPi‘fj_gF Low,

Tam
Law, 15 locally strongly f’mil:e.lg presentable.
Lawn ~ Cart(\LnH, Se.’c)
sifted ~ Si,\d\(u_m_“) Cree costesion

cod:e.sorj ON ON

cocom letion -
F b (n+1) -tetrable poia'h



“The universal 9295'_}3_3? Lowa (r\-:.\)
Thm
Law, 15 locally Stronalg f’mil:e.lg presenta\ole.

Low= Law, =~ Cart(\Lz_ . Sd‘->
Si(,te.d& ~ Siﬂd\(u-z °) free castesion

letion categery on
com
co P J b e_xfoqenbiable.

ob)ect



_Wle universal pgpgjg_g? Law,
Thm
Law, 15 locally S{:ronslg f’mil:e.lg presenta\ole.
Lawn 2~ Cart(\LnH, Sd’->
sifted = Siv\d\(ll.nﬂo) free care

cate.gorj ONn N

cocom letion -
P ,\—/ (n+1) _tetravle peint

Hence also: * Locally finitely presentable
o Cocomplete
® COMFle‘te



“The wniversal property of Lowa
Tam
Law, 15 locally Stronslg f’mil:e.lg Presentq\ole.
Lawn ~ Cart(Lna, Se-t)
sifted ~ Si,\d\(u_m_“) Cree cartesion

cate.gorj ONn N

cocom letion -
F b (n+1) -tetrable poia'h

Hence also: * Locally finitely presentable
o Cocomplete
® COMFIC.";Q

(CQ . Vemura 2020, ‘ The wiversal e:@one.n{:iable. oS row ’.)



Corefleckions

#

“Thm

There s o corefleckion of cotegories :

inclusion of presentoons

\' |

Co)
Loawa T & Low,,
é——-——/

L-J

discard (""")u‘— order terms



Co refleckions

“Thm
-Tl-ﬂe,re 1S o coreflection oC cocbe.sories
r."
&—> ~ <.
Sino\(u-n-‘-.)'): Lo\w,\ " LQuM_' — Slf\d\(ll.n-e-z)
L-J

I.LM,L——:’-—* L., induces the algebmic funckor

L—J, which has a 3% adjoint by obstract

noAsense.



Co refleckions

F

There is o chain of coreflections,

—> c— —>
L&Wl F-l- LG.\-J-L 4 ® ¢ o L dew

d\louing us to Fre_e.lj extend or restrict the order
of a hig\ner-oro\er a.laebra‘ac. theory.



TY. . RELATIVE MoNADS



Re\ative odjunctions

/\

6—————)6

L ) R when OfLo, y) £ €(Jx, Rj) natural
in x.eﬂ and 360



Re\ql:'we. MOoNaoS

A J-relokive monad ('T,’\,(“)') consists of
e o fundion T:1¢'l — 1861
® o4 4ransformation > IJX — TX
¢ a tbransformation (<) 1€)X, TY) — &(TXTY)
Sa’c'\sfgins unitality and  associativity conditions,



Re\ql:'we. MOoNaoS

A J-relokive monad ('T,’\,(“)') consists of
e o fundion T:1¢'l — 1861
® o4 4ransformation > IJX — TX
¢ a tbransformation (<) 1€)X, TY) — &(TXTY)
Sa’c'\sfgins unitodity and  associativity conditions,

&.‘.’?‘- o Mmonad is prec.isela an |[d - relative monad.



Re\qh'we. MOoNaoS
r °
A J-relative Mmonad ('T-, ’\,(“) ) consists OF
e o fundion T:1¢1— 186\
® o ‘hfaﬂSFO(Ma’b;O/\ V\x: Jx ———QTX
e o transformation (-): ’.c(JX,TY) — B(TX,TY)
Y
Sa’c'\sfgit\s unitodity and  associativity conditions,
&ge: O. Mmonaad s prec.isela an |[d - relative monad.

Prop : every relative adjunction induces o relative monad.



Simple_slice categor

let L:UL,—L be an A% - order a\se,braéc. theory.

Define o. functor
L/ ) L~ — Law,

where AL /X s the siMple slice c.a'be.aorg over X
L)x(A,B) = Jd(AxX,B)



Simple _slice categery
let L:UL,—L be an A% - order a\se,braéc. theory.

Define o. functor
L/ ) L~ — Law,

where AL /X s the siMple slice c.a'te.aora over X
L)x(A,B) = Jd(AxX,B)

whith iS the free cartesion category with a morphism
4 — X containing L.



—rheor:e.s to relative monads

Lem

———

Lot L:lan—d be on (n+n"-order dgebraic theory.
T\nu'e 1S oo &~ relative a.d"]w\e\-ion:

N

l'\-H 4—-;""" Smd(“—nu )

Hence L indwces a & ~relative monad.



Re,\ad:ive. monads to theories

Lem
Let T U-n.no — Siﬁ\d(u-ﬂélo) be a

is o d&- relative adjuncrion:

K\(T)

/-

'\-Ho Q"—"—) Smd("—nﬁ )

& ~relative monad, The.re



Re.\od:'we. monads to theories

Lem
Let T: u-n-u° — S

iad (Wne °) be a

s o &-relative adjuncrion:

K\(T)

Kleisli inclusion
PPQS&NQS
coeroo\ucts

n.uo C—-——-—> Slnd(u-n-n )

& ~relative monad, The.re

o . .
K™ is 1dentity-on- objects amo\ cartesian...



Re,\od:'we monads ¢to theories

Lem
Let T U-n.uo — Siﬁ\d(u-ﬂ-l»lo) be a

- relative ao\", wnekion:

& ~relative monad, The.re IS & &

K\(T)

Kleisli inclusion
PPQSGNQS
coeroo\ucts
n.u Smd(u-n-n )

K® is -.d\mitﬂ-on-objects ond cortesian...
but may not preserve exponentials



|Ateriude

\WWhen does the leisli inclusion preserve coex?onenhiqls?




|Ateriude

\WWhen does the leisli inclusion prese/ve c.oex?onenbiqls?

K\TI(X, Y+ Z)
= Lown (X, T(Y+2))

;2 Lou,\(x, Y+ T2)
~ Lawa(Xy, T2)
1) (Xy s 2)



|Ateriude

\WWhen does the leisli inclusion prese/ve c.oex?onenbiqls?

KWTI(X, Y+ Z) Hence we reguire
= Lawn (X, T(Y+2)) T(v+2)xs y+ T2 (7,2€llaq)
‘2'_.2 Lowa (X, Y+ T2) Call such relotive monads
~ LO\UA(xy : -‘-4_) -+ -linear.

1K (1) ( Xy » 2)



|Ateriude

\WWhen does the leisli inclusion prese/ve c.oex?onenbiqls?

KWTI(X, Y+ Z) Hence we reguire
= Lawn (X, T(Y+2)) T(v+2)xs y+ T2 (7,2€llaq)
‘2'_.2 Lowa (X, Y+ T2) Call such relotive monads
~ Lau,\(xy : -‘-4_) -+ -linear.

(+-linearit3 s trivial for

ATy Xy ¢) n=1.)



Re,\ad:ive. monads to theories

Lem
Let T U-n.no — Siﬁ\d(u-ﬂélo) be a

is o d&- relative adjuncrion:

K\(T)

/-

'\-Ho Q"—"—) Smd("—nﬁ )

& ~relative monad, The.re



Re,\ad:'we. monads to theories

Lem
Let T: lpe — Sind(Wns®) be a +-linear

is o d&- relative ao\jma\-ion:

K\(T)

/-

Wy — Sind (WLasi®)

& ~relative monad, The.re



Re,\od:ive. monads to theories

Lem
Let T: lpe — Sind(Wns®) be a +-linear

s o &-relative adjuncrion:

K\(T)

/-

n.”o <—-——-—> Slnd(u-n-n )

& ~relative monad, The.re

o, o s
K®: lhpnyy — KILT) is on (n-l-!)th-oro\zr a\sebmic theory.



Thm

#

L AWpn 4 d KMﬂd+_l;,‘ (°t ll-vmo)

N+ b A

theories relative monads



Thm

CE———

L AW p d KMﬂd+-l;q (°tl.|.m‘°)

( )
"N -

theories relative monads

(Bu’c what about ordinary monu\s?)



Re\abive monods & monads

Thm

Let 6 be a \o(ad\j 9’5"‘"‘3'5 f:nitejoj fzresen(:able.
Cotegory. There iS an eguivalence of cotegories

RMndl(Gsee>8) = Mndg (&)



Thm

#

L AWpn 4 d KMﬂd+_l;,‘ (°t ll-vmo)

N+ b A

theories relative monads

[\ M'\d +_|:A’ SF ( LQU,‘)

Sifted - cocontinuous 4 -lineor
monadsS on LQU,\



Proe.
Lek L - Il.m.—-»aL. be on (ﬂ*'\ﬂl‘.orde.r a\jebmic_ ‘l'.\r\eor:’.

The corresponding monad is given by

T AX) = L+ X,



Proe.
let L Il.m.—-»oL. be on (ﬂ*']t‘f.orde.r a\sebm‘c_ 'l'.\neors.

The corrzs?ono\il\g MONAA 1S Swef\ bﬂ

When n=0, this Soys thot T tokes a set of constants,
freely adds them to L, then extracts the new constonts
formed. from those in X under the operations of L.



Proe.
Lek L - Il.m.—-»aL. be on (ﬂ*'\ﬂl‘.orde.r a\jebmic_ ‘l'.\r\eor:’.

The corresponding monad is given by

LX) = Lk +'X )

e
Ca—y
>
Mm
=
3
:
?_.
r~~
>
N
A
.’
X
. |
»

J
O~
|
>
)

T, (x)(8B,¢)



Ajsebras

Let L:Wns—d be on (n+)H-ocder algebraic threory,
and let T, :Law,— Law, be the corresponding monad.

'T\__—A\s ~ Cart(dL, Set)



O.bh"’ ocder Q\s ebraic theories

|t is well-Known that (fi"st-ofw) a.lsebmic. theoriés

c,cn'f‘eS(><>’\d to (Strongly) (’u\itara monads on Set,

Si'\ce- Lawn‘“ ~ Mﬂd 'l'-h'l\,SF ( Law n.) P and. + -|Meal‘i€3 IS

Xrivia\ when n<?2, we are led o conclude that

Loawg, = Set

How ma3 we in-herpret this syntacticnllsz.



O{"h- ocder a\Szbraic theories

A O™ order algebraic theery is a strick,  erminal

ob;’e_dc - pre.se.rvinﬁ identity- on - 0 ects funckor
L.

"‘Le—-— X‘\g L, — 'S
For which ever3 M«Phisn n do 1§ constant (i.e.

Foactors through 1)



O*’h- ocder a\Szbraic theories

A oYh_ order a\se.bralc t\r\e.ol‘j is a strick, derminal
ob;)e_dc - presers vin3 identity- on - 0 ects funckor

a L.
For which ever3 M«Phisn n do 1§ constant (i.e.

Factors through 1)

E?/u'wo\\en‘tlj, a [-operad for T the tecminal

Mmonad on Set,



O*'h-—- ocder o\\azbmic. theories

0*"‘-— orderl a\se.brai.c. theories are theories o'f constants,
EM“ L:u-o""-'L AQGI\QS o Se.t L(ijx), ana vICe

versa., e,xh’n\o'\-\;iv\s an isomorphism of coteqories

Lawe & Set



O*'h- order a\azbm’ac theories

Recall that:
Law,, =~ Sind (L aer’) (n> o)

SMbStihAtu'na n=0-:
Low, = Si/\o\(ll.,")
= Sind(fFinSet)
~ Set

E\lerath’mg pre.viousl:, Adiscussed remains Valid for n=o,



Cor.

Lowa = Mno\,,-na,ss“(Lawo)



S\AMM&(‘ 3
~

¢ theohies 3enem|ise

° His\ner- order a\so_bms
(higher - order)

a\ae.bm’\c theories by
Variable binding operotors.

e There ore corefleckions Law, <7 Lawaa, .
e Law, = Si/\o\(ll.,\...")
¢ L&Nn“ = M'\de,-l--h'n(Lwn)

o Sets are Ot“- ofrael a\se_braic theories,



