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Ca\tesories of structures
Suppose we are given a functor:
V
D — &

Whot does it mean for D to be a category
of Structured objeckts n & ?
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of Structured objecks n & ?

A’c MmwniMmum, We e)cpect U %o be —Fa\‘\{:hfu‘,
but t&e‘cauﬂ we are interested n Somet"\i/\s

stronger.



A\ Se)ora'\c structure

A monadic functor D—U""Z exhibits the

objects of D as objects of & ezuiﬂoeol with

Qperad:ior\s ono gzuations,




A\ 3e,bro\'\c. structure

A monadic functor D—U—"'i exhibits the

objects of D as objects of & ezuiﬂoeol with

Operations and eguations.

Cateﬁor'\es OF adgebrou for rmonads are Vefj
well uaderstood, and so it s freguently
useful to exhibit categories as monadiC over
well - behaved categories.



A\ ge\ora\s via extension§

Let | be a monad on a Categorﬂ ¢.
A T" &\SC\OCQ 1S an Ob:)QCt E€€ eZu“pPed,
W"t\’\) ‘FQ" Q&Cl’\



A\ ge\oms via extension

Let | be a monad on a ca’cegora ¢.
A T" &\66‘0(‘(& 1S an Ob:)CCt E€€ ezu\pped,
with, for each
TX . ¢
qu \‘g
X —E

.F

Sakh SF&jiv\j two laws.



A\ ge\ora\s viaa exktensions

Let | be a monad on a Ca’cegorﬁ ¢.
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with, for each
TX . ¢
qu \‘“
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‘F ven on
Salc'\SFgMj two laws, K_ 50‘: X wn E

'\Atereretation



A\ ge\ora\s viaa exktensions

Let | be a monad on a ca’cegorﬁ ¢.

A T" &\6€be 1S an Qb:)CCt E€€ eZu\pPed,

W.\t\/\) ;For eoclhh /.\F we cloSe X wnnder
TX . f& the opecations of T

1« T~
X—E

F

Sakh SF&ij two laws.



A\ge\om\s viaa exktensions
Qe v e -

Let | be a monad on a ca’cegorﬁ ¢.
A T" &\6€be 1S an Qb:)CCt E€€ eZu\pPed,

W‘t\") ‘FOr each Wwe can inteqoret
Tx . £
. £ all these new
'\XT hRe terms in E
X—E

F

Sakh SF&ij two laws.



Ar‘\’cﬂ

BCCOW\SQ we must be able to extend Morp\f\\sl“\l

X £ E with adbitrory domain, E rust Potmtia“g

interpret operations with very large (e.q. infi/\'\to\rj)
Otr'\\::j.



Ark’cg

e must be able to extend Morp\'\\SMS

Because w
X -—E—>E with  acbitrory domain, E rMust Potmtiallg
interfret oeera\\:\ot\s with very |W3€ (e.q. .""P'".‘to‘rj)
ar'\tﬂ.

Howe.ver, N Mamj Situations we are onlﬂ concerned,
with interoreting terms with small (e.q9. fiqite)

arity, for which the algebras for a monad ace
too restrictive.



Re\ akive mMmonady

A relative monad is a Seneralisation of a

Monad that captures the intuition that the
operations mMay hove frestricted anty.

T
For .A-——"Z, 1 J-relative Monao\ Comprn'JeS'.

. o functor A € " subject

e 0. natural transformation J =T to
t law$

o For each Txf-é‘l"/, a X L-)Ty



A\ Se,bras for o relative m™onad

Given a .A_L>£-relat'we. monad T, a
T-algebca is an object E €€ eguipped
w'\t\n, -For each

TX . ¢

1x T \\g

JX—EL
£

Sakh Sngv\j two laws.



JA\ 3e.\om'\c. theories

A suggestive class of examples arise in universal

algebra. Monads relative to F[inSete—s Set afe
in bijection with a\gebm'\c theories.

Their a\\sebms therefore 0“‘3 reguire
extensions along fuactions X ——E with

X F%J\'\te, C.o(‘l‘eSPOI\dV\S to .Fin';taritd oF

Operat'aons ‘A Unwersal a\jebra.



Catesories of structure_s:[[

qiven o catesors 2 and o functor ‘ALE,
the Cit_egories of algebrO\S For J -relative

rmonads copture the intuition of categories
whose O\o:)QCtS ore t‘l\oSQ OF 2 eZu\iFFed N'lth
o?erout'\ons with .C_XL'\’{::’ in (A : Sub'\\ec,t Lo

eq,uat'\ onNns.



Cateﬂories of structures 1L

Cwe,n 1\ categorﬂ 2 and o functor .ALE,
the C;o.t_egories of algebras For J-relative

rmonads copture the intuition of categories
whose O\o:)QCtS ofe t‘l\oSQ Oc 2 eZu\iFPe,d N'lt‘f\
o?erat'\ons with gﬁ\:a in (A : sub'\\edz )

eq,utat'\ ons.

How can we characterise t\r\ew\?.



Monadici tj X\eorems

A functor D Y5 ¢ 15 monadic ff it
adeits o left adjoint and either:

Beck (c. 19€€) U creates U-selit coezumlu'sefs

r



Monao\‘\c'\t\uj theorems

A functor D Y 5§ 15 monadic iff it
odmits a left akd:\o'mt and e'ther:

Beck (c.1966) U creates U-split coegualisers

e
or.

Paré (\“I?l) U creates obsolute colimits



Abso\u\:e colimits

_______—-_——_———'

D
Civer\ o Ffunctor X — & ao\mittinj
a cohimibt, colimD is obsolute if either:

. it s preserved by every functor from &

e it s preserved by the preshea{:
embedding § {2_"", Se.l:]



Re\ otive MOV\O\d\'\C\tj

Given functors

we would like Conditions wnder which U
exhibits O as being the coteqory of alﬂe\oras

for oo J-relative mMonad.



Re\ ative a\o\‘wnctions

G wen fuactors

L/\t\R
‘A”T—‘*S

We say L is left J-odjsint to R (L=;R) if
€(Lx,y) = €(TxRy)

natural ia x y,



T- absolute colimits

Civen o functor A—2 53¢ and a

D
‘Fu/\ct'ol‘ X — & oLo\Mitti/\j o Co\{wﬁt,

colim D is J - obsolute if it 18 preserved by
the restricted preShQAF embedding

sl
& [Z P, Se,l:] N 4 [.Aoe, Set]



“The relative Mov\a\d'\c\tj theorem

C_on syoer gu\/\cto S

o\
“’A"? 9

where T is dense.

Theorem U 18 T -wmonadic iff it admits a
¢t J-adjoint and createS T-obsolute colimits.

le



App\'\ca‘:'\ons

Variows .Fra\me,works for Monad—tlr\eor:.j

corresPvo(enceS hove been proposed in recent

Yyears, the most popular being:
* Monads with arities

e Nervous monads

83 the results of [ArkZZ]) these are all
Subsumed. by relative monads.



l"\onad«\c'\tﬁ with o\r'\tﬂ & nervows Mono\d'\c'\tj

Cor\sezuenk\g, the relative Monao\‘\c'\tg theorem
exhibits monadicity theorems for monads with

orities and  pervous mMmonads.



P’\ona\d'\c'\tﬁ with ority & nervous monadicity

Cot\sezuenk\g, the relative Monao\'\c'\tg theorem
exhibitd  monadicity theorems for monads with

orities and  pervous monads.
Corol\a\rﬂ Let .}\.3—95 oand D-Y—-)E be

functors. U exhibits D as the category of

algebras for a monad with arities J /
J —nefuows monad 1 U admits a left od)oint
ond CreateS T - absolute colimits.
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When is the composite of two fuactors

mMonadic

Supeose we afe 3§ver\ two ‘Functors
Uz
A =5

and told t‘r\e5 are both nmonadic.

We cannot conclude ‘A-Ml—) C S

Mmonadic (e.g. Cad: — Crp'r\ —_ Sel:‘Z )



When is the composite of two fuactors

rmMonadic

There are varous heuristicsS Lo, o\etectinﬁ
Monao\‘\c'\ttj of composites (e.q. crude

Monao\'\cil:\j), but these only provide sufficient
Conditiong,

We would preFer o precise characterisation.



’W\e ?Mtinﬂ law for pullloac.ks

S\AP?OSQ weé are s.lvef\ (1 Ao\ﬁerM Of
MorphisSms  as follows.

A—B—>C

! L

X— Y —7
T\r\en the outer rectana\e S a pullba\ck
1ff the left square is a pullback.



T - f
e ?M‘:ms law for relative a\o\’swxc’cions

Suppose we are given a diagram of
functors as follows.

e R

i
> D
~ —I\.\

AT s
T

i t e \ t . \ .'



“The ’
Pasl:\nﬂ law for relatively mMonadic adjunctions

g
,_ > D p
‘Af___é"\‘g
R)

“Theorem |f R 'S - monadic, then R'R is

) - monadiC '\ﬂ: £ 1s L'-Mor\ao\ic.




When is the composite of two fuactors

mMonadic

Suppose we afe s%ven two functors -
(A U‘l

Coro\\ar3 If U, s ronadic, then U,U,

1S mMonadic |f{: U, 1S Fz-Monad'\c,



Useful corollaries
Coro\\a«ﬂ _!._ Civen adjunctions
2y 0
A= BZC
v, €,

if U, and U U, are rmonadiC, so is U,.



Useful corollaries

Coro\\a\r:j_l Civen adjunctions,
v,
AT BZC
F, c,
if U, and U U, are ronadic, so is U,.

C_?__f_gﬂ_a_\_fjg For every morphism S=>T
between f’m’\twﬂ monads on a LFP Categorﬂ

the induced (:uncl:or T—A\a—* S-A\3 IS monadiC.



SMMMO\(S

¢ Ke\a’c'\ve. MoOoNAAdS perw\'\t ws to Capture
Structwres 'mterpret\'ns o?emtiom of restricted

ar'\ta,
o We eStablish two monadicity Hheorems.
— A Poré -style characterisation in terms of
obsolute colimits

- A pOuSt3A3 law ‘For re\ad:%vel& MonadiC
odjuncti 01§
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