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1970 : DeviceS

In 1970, Walters introduced the notion of
device to capture classical wnwersal algebra,

and. whic\A was Shown to ae,ne,ra\ise. the
notion of monod..

Howe,ve,r, the concef:t was overlooked., and

aevicesS welre 'Forso tten...



2010 Re\at'wc monads

Fort5 3600‘5 later, the Concept Oﬁ relative

monad Was introduced by Altenkirch, Chopman,
ond Uustaln as o genera\isatiom of the concept

of monad, from a structured endofuactor to

on ou'b'\traur'& Fu\nc,tor withh structuce.

Ceucially, the authors related. relative monads
to the relative adjunctions of Ulmer,



Relative monadsS and devices

In fact, the definition of relative monad s
reminiscent to that of device, and the two

twen out to be eq,uivodent.



Relative monads in extension form [Acure]

Fix o fuactor j-A—E.

A J‘-re\at\ve monad comprises
e & functor t-A—E
e o natwural transformation q:j#t
e o natural trangformation
L
SaLtiSFljinS unit and associativity laws.



Where does the concept of
relative monad
come From, co&esorica\\j?



MonadsS oS mMonoids

for a\r\\\j Cateﬂor:j A, the Cad:egord

Cat(A,A) of endofunctors on A s eq,u«%ﬂ:eo\
wibh stnct monoidal Structure akve.n \o&

Fumctor com Qosit'\o\r\ i



MonadsS oS mMonoids

for a\r\\\j Cateﬂor:j A, the Cad:egoru

Cat(A,A) of endofunctors on A s eq,u«%ﬂ:eo\
wibth strict monoidal structure s\ve.n bﬂ

Functor com posﬂ:'\on i

A monoid N Cad'.(A,A) S & monad on A,



Monads a§ mMmonoids

for a\r\\\j Cateﬁor:j A, the Categord

Cat(A,A) of endofunctors on A s eq,u«%ﬂ:eo\
wibh stnct monoidal Structure 9'\ve.n \o&

Fumctor com gosit'\o\/\ i

A monoid N Cat(A,A) S & monad on A,

Con this be senera\\ised to
arbitrary (:w\ctor cactegor'\esz



A Whint of a solution
A hnat or & >- 71—

ACU show that, o.SSwv\ir\S the e,x\ste.jr\c.e. of
enoug\n (POi'\tWiSQ extensions a\on3 A—E,

Ca’c(A,E) rMoy be eq,uipped with SKQ.w-MonOiﬁa‘

the tensor of ALE and. Ai-»E 1S Siveﬂ b:j

left extension: A

+ .

3 )P
/ v :
A ——E

J



A Whint of a solution

F\Art\r\ermore , rmonoids in this skew - monoidal

Cahesors of functors are precisel:j J- felative

MONOGS.




A lhint of a solution

S —

F\Art\r\ermore , rmonoids in this skew - monoidal

Catesors of functors ore precise.l:j J- felative
MONOAAS.

However, the assumption of ehoush left
extensions along | S o\issa\tisfgins; ofter all,

MmonadsS are _o_\\:m\% Mmonoids in a category
of functors.



A\ - distributors (AKA V- prOGmctors)

Let V be o monoidal category. A

A/ - disteibutor A —g—-> B comprises

P(b,o) e V (beB, acA)

functorial contravariontly in b and
covar'|antl3 iNn o,



A\ - distributors (AKA V- prOFunctors)

Let V be o monoidal category. A

P
A/ - disteibutor A ——> B c,omprises

P(b,o) e V (beB, acA)

functorial contravariontl Yy n b and
covariamtlg iNn o..

P
(V-Aiskributors A —— R -j':" C cannot genera\lg

be COMPOSQd-o We will denote bH Q0p the
Composite when it exists,



- FOPMS [SD“7]
Consider V-adisktributors

Pn-l P‘L .
Ar\_f:\—’AV\-l_H‘.. —'_’A|—PHA

-_ 0

y 2
A N'FON"\ Co--sPr = 9, Comprises a Fauv\'\lj

o

{P‘ (Qo,a‘) S - ® Pn(an\-n-,qn) — %(Qo,an)}

QL€ AL

of morphisms in V, satisfying naturality laws.



L/\Mesories ~of endodistributors

Vor eoch A/ - Ca\te,sorg A, there is a

Multicategory A/-Dist[A,A] whose objects are
A/ - diskributors A=~ A and whose multimorphisms

are V-forms

" Pn-\ .
A-fHA—P)—&)A -—Pl-—)A
N Y s
——
A

Denote b3 - Dist(AA) the umo\erlﬂing category.



Represenkmb\e distributors

Let A—'E-)B be o “V-functor. There i an
induced reeresenta\o\e 0/ - distributor
g(1,§): A+ B (b,0) > B(b,fa)



E_e,presev\\:a\b\e. distributors

Let A—'E-)B be o “V-functor. There i an
induced reeresenta\o\e 0/ - distributor
g(1,§): A+ B (b,0) > B(b,fa)

and on induced c,ore,eresentab\e /- distributor

B¢, 1 B A (a,b) > B(fa,b)



E_e,presev\\:a\b\e. distributors

Let A-'E-)B be o “V-functor. There i an
induced reerese/\ta\o\e 0/ - distributor
g(1,§): A+ B (b,0) > B(b,fa)

ond on induced c,ore,ere_sentab\e, 0/ - distrioutor
B¢, 1 B A (a,b) > B(fa,b)

A V-Form RB(1,£)=B(,9) 15 just a V-natural
.transFormat30n -FQS



Mu\t\cﬁesories ~of endofunctors

There is o Submu\ticod:eaorj f\/-c_a&_[A,A] of
A/-Dist[A, Al formed b& the reopresentable
V- Aistributors

We moy always compose representable

V- distributors . and so /- Cat[A, A] is
rePresentalole: 1.2. . Mmonoidal cad:eﬂor-d. It is
e?/u'\vden‘t to the wsuwal Strict monoidal co.te.aorj

"‘V'C_a{’.(A,A\ oc ‘V-er\do.Fqnctors on A.



Skew composition T

Let A and E be CabegorieS, Given functors

Ae  ADE
we connot W 9enem| form any sort of
composite A?_:_F-)E . since the codomain of
£ does not mokch the domain of 9.



Skew compoasition T

Let A and E be CabegorieS, Given functors

Ae  ADE
we connot W 9enem| form any sort of
composite A?_:_F-)E . since the codomain of
£ does not mokch the domain of 9.

However, suppose we had o Fixed functof

ELA- Then we counld forM o COMPOSH‘.Q
Ai-»E —J——)A—S—9 E



Skew composition I

Fix a V- functor A“—-)E. Civen V- functors

A-F/)E A-i)E

we may focrm o chain
e,y EM9)
AE(\,H c A 3
by considering £f,9 os repres
ond. using the c.oreprese,ntado\e E(j,)) to facilitate

entoble V-adistributors,

c0mposition.



Skew -mulbicategories of distributors

Theorem. Let j:A—E be a V-functor.
There 1S a SKe.w-mu\ticategonj '\/-Dist[ﬂ
whose ob\’)ects are V- distributors A E
and. whose M\A\tiMoth.\SMS ore V- forms

P _ EL .
L L L 7 O

~_ ' >

—

1




SKQ,N—M\A\t'\Ca\:e,SOﬁe.S of functors

There is o subo skew-multicategory V- Caxl}]

of V-Distlj) formed by the representables.

E(;, EGYY . EQLE)D
A JUAN: _(_‘.’_BA_..)..._..,E_‘\’_LA EG S E

Ty



SKQN-Mu\t'\Cateﬁorie.S of functors

There is o sub skew-multicategory V- Catf_ﬂ

of V-Distlj) formed by the representables.

E( E(, EC, £
EQLEn | e (J.WA_‘_)._._'_)E (J‘3A ( JE

A
\________*:__’__J
E(\,3)
We cannot Senera\\ﬂ Compose r‘e?rese,ntab\e
/- diskributors wikh corepresentable ones, SO

V-Cat(j] s wswally not representable.



Monoids n ’V-Cat[ﬂ

A Mmonoid 1IN (V-Catfj] cow\?rises

e & V-functor t:-A—E
e o V-natural transformation V\:j#t

e & V-Fform M: EO,¢), E(j,t) = E(1,t)
SatiSngns unit and associativity |aws.

This looks guite suggestive.



—\T'anSpos‘\l:ion
S“‘??OSQ‘ thot “V-distributors Mmay be
composed. Then there is an adjunction in V-Dist

E(1,t) 4 E(t,1)



—\T'anSpcs‘\tion
SV‘??“Q thot “V-distributors Mmay be
composed. Then there is an adjunction in V-Dist

E(1,t) 4 E(t,1)

Hence N-forms
EQ.YDOEG,L) > E(1t)

’

are, by transposition, in bijection with V- forms
E(j,t) > EENOE(L) = E(t,t)




—\T'anSpos‘\l:ion
S“‘??OSQ‘ thot “V-distributors Mmay be
composed. Then there is an adjunction in V-Dist

E(1,t) 4 E(t,1)

Hence N-forms
E(LEYOE(t) = E(1,t)

’

are, by transposition, in bijection with V- forms
E(j,t) > EENOE(L) = E(t,t)

A similar principle applies in the absence of
compos'thS.




Relative monads as monoids

_W\eorem. Let A—:’-—?E be oo V-functor

There is an isomorphism of cad:e.sories

Mon(V-Cat[;]) & RMnd(;)

Hence, \')\AS{. oS every monad. S a monoid n

o. Mmonoidal category, every relative monad is a
monoid N a skew-multicateaoly,

Note that we do not need to impose any
assuMPtiom' on J



_E:'cllu‘\vo.\ev\t concepts




E_e?resenho\\o'\\iktj of AW-Catl J]

|t is natwral to ask when the skew -
rmulticategory A/-Catl )] is representable by
o. Skew - monoidal category.



B_e?rese.nho\\o'\\ik:j of AW-Catl ]

|t is natwral to ask when the skew -
rmulticategory A/-Catl )] is representable by
o. Skew - monoidal category.

“Theorem. Suppose that left extensions of
V-functors A—E along ASSE are admitted.
Then V/-Catlj] is representoble.

We thereby recover ACU's chacracterisation
of relative monads as monoids in a SkMC.



E?/U\'\VQ.\QV\“: concepks

Relaktive monads

Monoids in V-Catl;]

SkMulticat SkMonCat




Forma\ MW — MONAAS

\V\ 2014 Lock —Street cCarried out o similar
Stmduj of skew - monoidal hOM—CatesorieS to

the extension form of monads. ’ﬂ'nej

Stv\d\g
noti V\s

defined o notion of formal mMw -monad ,
on ap?arent Sim'\\ou‘itv to the relative monads

of ACV.



Monoids n V-Distljl

\:\Je, con cecover J-re\a&'\ve. Mmonads From rMonoAS
n AJ-Dist.

Theorem. There is o pullback

Mon(‘\/—Cat[:\]) — Mon(fV—Dist[ﬂ)
) l

V-CatlA ) —— V-Dist(A,E)



&Q?QSM‘\Z&‘O\& (:OFMO\.\ MW — Mmonads

formal mw - MONOAS

reoresentable .
For?mad MW - MONAAS A A/-Dist [Lsi4]
[ ACV\O) i [

RMnd()) — Mon(‘\/—Dist[ﬂ)
) 1

V- Cat(A,E) —— V-Dist(A,E)



E%Awo.\ev\t concepts

Relaktive monads

Representable MOonNnoiIAs
in V-Distl;]

SkMonCat

SkMulticat




Re,\ad:'\\le monads aS monads in Dist

ln 1975, Diers introduced the notion of j-wmonad,
for A2>E a dense, fully Faithful functor:

A j-monad is a onoid in Dist(A,A) whose

uu\d.e(\y'\'\s endodistributor 1S of the forM
E(j,t) - A+ A

for some functor AlseE.

la 2016, Lucyshyn-Wright also studied suth monoids,
calling swch Aistributors C.OpreS\neaLF-—f‘ep"eSe,ntab\e.



Distributors to endodistributors

Theorem. There is o skew -Mmultifunctor
A/-Cat[i] — v-Dist[A, A
(AXse) > EGD AT A
which is fully faithful when j is dense.
Hence, when j is dense, we have o Pullback
Mon(@V- Catl;1) e Mon(V-Dist [A,A])

| - |

AV/-Cot(A, E)e—r A/-Dist(A, A)



E%Awo.\ev\t concepts

Relaktive monads

Representable MOonNnoiIAs
in V-Distl;]

_';-re.presentab\e Mmonoids
‘n V-Dist[A,A] "

SkMonCat

SkMulticat




Mono‘\d\m\'\tj

“Theorem. Suppose that left extensions of
V-functors A—E a\ong A—3->E are odmitted.
Then V-Catl )] is representable.



Mono‘\o\m\'\tj

“Theorem. Suppose that left extensions of
V-functors A—E along ASSE are admitted.
Then V-Catl )] is representable.

Furthermore if ... then V-Catl] is
j is dense left - normal



Mono‘\d\m\'\tj

“Theorem. Suppose that left extensions of
V-functors A—E along ASSE are admitted.
Then V-Catl )] is representable.

Furthermore if ... then V-Catlj] is
j is dense left - normal
y s f.€ f‘s"‘t"‘““"“'



Mono‘\d\m\'\t3

Theorem. Suppose that left extensions of
V-functors A—E olong A-HE are admitted.
Then V-Catl )] is representable.

Furthermore if ... then V-Catlj] is
J 1S odense IQC'L— nocmal
y s f.€ f‘a"‘t"‘““"""
left extensions along associative - normal

) are )-obsolute



A characterisation of free Cocom?letions

—W\QOFQW\. A N - functor A-‘-.‘—éF_ exhibits
the free cocompletion of A under a class
@ of we'\a\f\ts it and on\:j Wf

e | is dense ond fully farthiul

o left extensions a\ons ) exist ond
are )-obsolute



C oconkinuous mMmonads

C.orolkxy. Let @ be a class of weights

ond let A be a ‘\I-Cate30r3 admitting
I A — DA. Then

a free o - cocompletion

RMnd(@p) = r’\no\@(éA)
@,- re\ative monads are eiu'waje,nt to
O - cocontinnous 4/- monads on OQA.



C oconkinuous mMmonads
ﬂ

Coro”arv. Let @ be a class of weiahl:s
ond let A be o ‘\I-cate30r3 admitting

o free @ - cocompletion @, - A — DA. Then
RMnd(@a) = MV\O\Q(&A)

@,- re\ative monads are eiu\'\va\eﬂt to
B - cocontinnous V-monads on QA.

Example. Fin\\:Mj monads on Set
ore (Setc s Set) - relaktive monads,



E%Awo.\ev\t concepts

Monoids in V-Catl;]

SkMonCa

J = Cocontinuous
V- monadsS *

Relaktive monads

SkMulticat

Representable MOonNnoiIAs
in V-Distl;]

_';-re.presentab\e Mmonoids
'n V-Dist[A,A] "



A formal ’c\r\e.orj of relative monads

for the purpose of this talk, | have

worked n the Se\:tins of categories
enriched n a monoidal categomj.

However, the results lhold much more

9eneral|3: N any virtual e?/uipme/\t.

In Part%cu\\ar, this includes V-Cat for

amv vickual double cad:e.sor\j A/ with

restrictions



Suuv\mo\rj

e Relative monads have been rediscovered
Many times in the last SO years, albeit

in  Aifferent su\SeS.
o We Mav understand these 'Fruitfu\\\\j thl‘ous\n
AiStributors ond ‘skew COM?osition’,

o These viewpoints are useful for proving
3ev\era\ theorems olbout relative monads.



Ecllu'\vo.\ev\t concepts

Monoids in V-Catl;]

SkMonCa
J = Cocontinuous
/- monads *

And others...

Relaktive monads

SkMulticat

Representable MOonoids
in V-Distl;]

_';-re.presentab\e Mmonoids
'n V-Dist[A,A] "
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